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binary tuple: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1}  Bin(n)

Boolean lattice:
Bool(n) def

=
(
Bin(n),≤comp

)

(0, 1, 1) (1, 1, 1)

(0, 0, 1) (1, 0, 1)

(0, 1, 0) (1, 1, 0)

(0, 0, 0) (1, 0, 0)

(0, 0, 0)

(1, 0, 0)

(0, 1, 0) (0, 0, 1)
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5 / 31



Posets from
Polytopes and
Refined Face
Enumeration

Henri Mühle

Posets from
Polytopes

Refined Face
Enumeration

Chapoton’s F-
and
H-Triangle

ν-
Associahedra

The F=H-
Correspondence

Freehedra

6 / 31



Posets from
Polytopes and
Refined Face
Enumeration

Henri Mühle

Posets from
Polytopes

Refined Face
Enumeration

Chapoton’s F-
and
H-Triangle

ν-
Associahedra

The F=H-
Correspondence

Freehedra

triword: integer tuple (u1, u2, . . . , un) such that
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bracket vector: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, . . . , n− i}  Brac(n)
ui+j ≤ ui − j for all j ∈ {0, 1, . . . , ui}

(2, 1, 0, 0) (3, 1, 0, 0)

(2, 0, 0, 0) (3, 0, 0, 0) (3, 2, 0, 0)

(0, 1, 0, 0) (0, 2, 0, 0)
(3, 2, 1, 0)

(3, 0, 1, 0) (0, 2, 1, 0)

(1, 0, 0, 0) (1, 0, 1, 0)

(0, 0, 0, 0) (0, 0, 1, 0)
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bracket vector: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, . . . , n− i}  Brac(n)
ui+j ≤ ui − j for all j ∈ {0, 1, . . . , ui}

Tamari lattice:
Tam(n) def

=
(
Brac(n),≤comp

)

(2, 1, 0, 0) (3, 1, 0, 0)

(2, 0, 0, 0) (3, 0, 0, 0) (3, 2, 0, 0)

(0, 1, 0, 0) (0, 2, 0, 0)
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(2, 0, 0, 0)
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face numbers: fk
def
=
∣∣{A ∈ P | dim(A) = k}
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f−1 = 1
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f2 = 8
f3 = 1
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Faces of Polytopes

P ⊆ Rd .. polytope

face numbers: fk
def
=
∣∣{A ∈ P | dim(A) = k}

∣∣
f -polynomial: fP (x)

def
=

d
∑

k=0
fk−1xd−k

f−1 = 1
f0 = 12
f1 = 18
f2 = 8
f3 = 1

fP (x) = x3+12x2+18x+810 / 31
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Faces of Polytopes

P ⊆ Rd .. polytope

face numbers: fk
def
=
∣∣{A ∈ P | dim(A) = k}

∣∣
f̃ -polynomial: f̃P (x)

def
=

d
∑

k=0
fk−1xk

f−1 = 1
f0 = 12
f1 = 18
f2 = 8
f3 = 1

f̃P (x) = 8x3+18x2+12x+110 / 31
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h-numbers: hk
def
=
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i=0
(−1)k−i(d−i
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h0 = 1
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h2 = −3
h3 = 3
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∑

i=0
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h-polynomial: hP (x)
def
=

d
∑

k=0
hkxd−k

h0 = 1
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h-numbers: hk
def
=

k
∑

i=0
(−1)k−i(d−i

d−k)fi−1

h-polynomial: hP (x) = fP (x− 1)

f−1 = 1
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f1 = 18
f2 = 8
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Refined Face Enumeration

P ⊆ Rd .. polytope; fix a set M of vertices

for a face A ∈ P define:
pos(A)

def
=
∣∣A \M

∣∣
neg(A)

def
=
∣∣A∩M

∣∣
F-triangle: FP (x, y) def

= ∑
A∈P

xpos(A)yneg(A)

f−1 = 1
f0 = 8
f1 = 18
f2 = 12
f3 = 1
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Refined Face Enumeration

P ⊆ Rd .. polytope; fix a set M of vertices

for a face A ∈ P define:
pos(A)

def
=
∣∣A \M

∣∣
neg(A)

def
=
∣∣A∩M

∣∣
F-triangle: FP (x, y) def

= ∑
A∈P

xpos(A)yneg(A)

f−1 = 1
f0 = 8
f1 = 18
f2 = 12
f3 = 1

FP (x, y) = 3x3+5x2y+3xy2+y3+7x2+8xy+3y2+5x+3y+1
11 / 31
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(positive) roots: αi,j
def
= εi − εj for i < j  Φ+(d)

simple roots: αi,i+1  Π(d)
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=
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d = 3
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almost positive roots: Φ≥−1(d)
def
= Φ+(d) ]−Π(d)

S. Fomin and A. Zelevinsky defined a compatibility
relation on Φ≥−1(d)
cluster complex: simplicial complex consisting of
compatible subsets of Φ≥−1(d)  Clus(d)
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almost positive roots: Φ≥−1(d)
def
= Φ+(d) ]−Π(d)

S. Fomin and A. Zelevinsky defined a compatibility
relation on Φ≥−1(d)
cluster complex: simplicial complex consisting of
compatible subsets of Φ≥−1(d)  Clus(d)

−α3,4

−α2,3 −α1,2
α2,3

α1,2 α1,3

α3,4 α2,4

α1,4

f̃Clus(3)(x) = 14x3+21x2+9x+1

hClus(3)(x) = x3+6x2+6x+1
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Chapoton’s F-Triangle

for A ∈ Clus(d) let

neg(A)
def
=
∣∣A∩ (−Π(d)

)∣∣
pos(A)

def
=
∣∣A \ (−Π(d)

)∣∣
F-triangle: Fd(x, y) def

= ∑
A∈Clus(d)

xpos(A)yneg(A)

14 / 31
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Lemma (C. Ceballos & , 2020)
Right-flushing sends val to asc and ret to rel.
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A′⊆Rel(T)

yrel(T)−|A
′|
)

= ∑
T∈Tree(ν)

∑
A⊆Asc(T)

A′=A∩Rel(T)
A′′=A\Rel(T)

xdeg(ν)−rel(T)−|A
′′|yrel(T)−|A

′|
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Proposition (C. Ceballos & V. Pons, 2019)

The map (T, A) 7→ T \A is a bijection from{
(T, A) | T ∈ Tree(ν), A ⊆ Asc(T)

}
to Asso(ν).

recall:

Fν(x, y) = ∑
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The F-Triangle

Proposition (C. Ceballos & V. Pons, 2019)

The map (T, A) 7→ T \A is a bijection from{
(T, A) | T ∈ Tree(ν), A ⊆ Asc(T)

}
to Asso(ν).

recall:

Fν(x, y) = ∑
T∈Tree(ν)

∑
A⊆Asc(T)

A′=A∩Rel(T)
A′′=A\Rel(T)

xdeg(ν)−rel(T)−|A
′′|yrel(T)−|A

′|

= ∑
C∈Asso(ν)

xdeg(ν)−dim(C)−rel(C)yrel(C)
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The F-Triangle

Proposition (C. Ceballos & V. Pons, 2019)

The map (T, A) 7→ T \A is a bijection from{
(T, A) | T ∈ Tree(ν), A ⊆ Asc(T)

}
to Asso(ν).

recall:

Fν(x, y) = ∑
T∈Tree(ν)

∑
A⊆Asc(T)

A′=A∩Rel(T)
A′′=A\Rel(T)

xdeg(ν)−rel(T)−|A
′′|yrel(T)−|A

′|

= ∑
C∈Asso(ν)

xdeg(ν)−dim(C)−rel(C)yrel(C)

= ∑
C∈Asso(ν)

xcorel(C)yrel(C)

27 / 31
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recall:

Fν(x, y) def
= ∑

C∈Asso(ν)
xcorel(C)yrel(C)
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The F=H-Correspondence for ν-Associahedra

Theorem (C. Ceballos & , 2021)
For every northeast path ν,

Fν(x, y) = xdeg(ν)Hν

(
x + 1

x
,

y + 1
x + 1

)
.

recall:

Fν(x, y) def
= ∑

C∈Asso(ν)
xcorel(C)yrel(C)

= ∑
T∈Tree(ν)

xdeg(ν)−asc(T)(x + 1)asc(T)−rel(T)(y + 1)rel(T)
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y

y
x

y

x

x

x

x

x

x
x
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(y+1)2 xy
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xy
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FEENEN(x, y) = 5x2+3xy+y2+8x+3y+3
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P

Succ(p) def
= {p′ ∈ P | p l p′}

out(p) def
=
∣∣Succ(p)∣∣
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P = (P,≤); p ∈ P ; λ .. 01-labeling

Succ(p) def
= {p′ ∈ P | p l p′}

out(p) def
=
∣∣Succ(p)∣∣
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P ; λ .. 01-labeling

Succ(p) def
= {p′ ∈ P | p l p′}

out(p) def
=
∣∣Succ(p)∣∣

mrk(p) def
=
∣∣{p′ ∈ Succ(p) | λ(p, p′) = 1

}∣∣
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P ; λ .. 01-labeling

Succ(p) def
= {p′ ∈ P | p l p′}

out(p) def
=
∣∣Succ(p)∣∣

mrk(p) def
=
∣∣{p′ ∈ Succ(p) | λ(p, p′) = 1

}∣∣

x2y x2y

x2

x3y2

1 1

xy
xy

x

1 1
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P ; λ .. 01-labeling

HP,λ(x, y) def
= ∑

p∈P
xout(p)ymrk(p)

x2y x2y

x2

x3y2

1 1

xy
xy

x

1 1
HP,λ(x, y) = x3y2+2x2y+x2+2xy+x+4
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P

deg(P) def
= max

{
out(p) | p ∈ P

}
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P ; S ⊆ Succ(p)

deg(P) def
= max

{
out(p) | p ∈ P

}
neg(p, S) def

= mrk(p)−
∣∣{s ∈ S | λ(p, s) = 1

}∣∣
pos(p, S) def

= deg(P)− |S| − neg(p, S)
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P ; S ⊆ Succ(p)

deg(P) def
= max

{
out(p) | p ∈ P

}
neg(p, S) def

= mrk(p)−
∣∣{s ∈ S | λ(p, s) = 1

}∣∣
pos(p, S) def

= deg(P)− |S| − neg(p, S)
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P ; S ⊆ Succ(p)

deg(P) def
= max

{
out(p) | p ∈ P

}
neg(p, S) def

= mrk(p)−
∣∣{s ∈ S | λ(p, s) = 1

}∣∣
pos(p, S) def

= deg(P)− |S| − neg(p, S)

x2y+x2
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P ; S ⊆ Succ(p)

deg(P) def
= max

{
out(p) | p ∈ P

}
neg(p, S) def

= mrk(p)−
∣∣{s ∈ S | λ(p, s) = 1

}∣∣
pos(p, S) def

= deg(P)− |S| − neg(p, S)

x2y+x2+xy
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P ; S ⊆ Succ(p)

deg(P) def
= max

{
out(p) | p ∈ P

}
neg(p, S) def

= mrk(p)−
∣∣{s ∈ S | λ(p, s) = 1

}∣∣
pos(p, S) def

= deg(P)− |S| − neg(p, S)
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P ; S ⊆ Succ(p)

deg(P) def
= max

{
out(p) | p ∈ P

}
neg(p, S) def

= mrk(p)−
∣∣{s ∈ S | λ(p, s) = 1

}∣∣
pos(p, S) def

= deg(P)− |S| − neg(p, S)

x(x+1)(y+1) x(x+1)(y+1)

x(x+1)2

(x+1)(y+1)2

x3 x3

x2(y+1)
x2(y+1)

x2(x+1)

x3 x3
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P ; S ⊆ Succ(p)

FP,λ(x, y) def
= ∑

p∈P
∑

S⊆Succ(p)
xpos(p,S)yneg(p,S)

x(x+1)(y+1) x(x+1)(y+1)

x(x+1)2

(x+1)(y+1)2

x3 x3

x2(y+1)
x2(y+1)

x2(x+1)

x3 x3

FP,λ(x, y) = 6x3+4x2y+xy2+7x2

+4xy+y2+4x+2y+1
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P ; S ⊆ Succ(p)

FP,λ(x, y) def
= ∑

p∈P
∑

S⊆Succ(p)
xpos(p,S)yneg(p,S)

x(x+1)(y+1) x(x+1)(y+1)

x(x+1)2

(x+1)(y+1)2

x3 x3

x2(y+1)
x2(y+1)

x2(x+1)

x3 x3

FP,λ(x, y) = xdeg(P)HP,λ

(
x+1

x , y+1
x+1

)
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F- and H-Triangles for Posets

P = (P,≤); p ∈ P ; S ⊆ Succ(p)

HP,λ(x, y) def
= ∑

p∈P
xout(p)ymrk(p)

FP,λ(x, y) def
= ∑

p∈P
∑

S⊆Succ(p)
xpos(p,S)yneg(p,S)

Theorem (C. Ceballos & , 2021)
For every finite poset P and every 01-labeling λ,

FP,λ(x, y) = xdeg(P)HP,λ

(
x + 1

x
,

y + 1
x + 1

)
.
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Open Questions

can we find other (geometric) interpretations of the F-
and the H-triangles?
what is the relation between the two variants of the
H-triangle? H-Triangle

what is the relation with the M-triangle? M-Triangle

we need more examples!

30 / 31



Posets from
Polytopes and
Refined Face
Enumeration

Henri Mühle

Posets from
Polytopes

Refined Face
Enumeration

Chapoton’s F-
and
H-Triangle

ν-
Associahedra

The F=H-
Correspondence

Thank You.
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meet irreducible: m = p∧ q implies m ∈ {p, q}
 M(L) there exists a unique edge (m, m∗)

M-determined: for all (p, q) ∈ E(L) exists a unique
m ∈ M(L) such that (p, q) [ (m, m∗)
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L = (L,≤) .. (finite) lattice

meet irreducible: m = p∧ q implies m ∈ {p, q}
 M(L) there exists a unique edge (m, m∗)

M-determined: for all (p, q) ∈ E(L) exists a unique
m ∈ M(L) such that (p, q) [ (m, m∗)
perspectivity labeling:

λ : E(L)→M(L), (p, q) 7→ m

such that (p, q) [ (m, m∗)
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L = (L,≤) .. (finite) lattice

meet-semidistributive:

p∧ q = p∧ r implies p∧ q = p∧ (q∨ r)

if L is meet-semidistributive, then

λ(p, q) def
= max{r | q∧ r = p}

is a perspectivity labeling

Proposition ( , 2021)
Every meet-semidistributive lattice is M-determined.
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L = (L,≤) .. (finite) lattice

meet-semidistributive:

p∧ q = p∧ r implies p∧ q = p∧ (q∨ r)

if L is meet-semidistributive, then

λ(p, q) def
= max{r | q∧ r = p}

is a perspectivity labeling

Conjecture ( , 2021)
A lattice is M-determined if and only if it is meet semidistributive.
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The M-Triangle

P = (P,≤) .. ranked poset Questions

M-triangle: MP(x, y) def
= ∑

p,q∈P
µP(p, q)xrk(p)yrk(q)

MP(x, y) = x4y4−2x3y4+2x3y3+x2y4

−3x2y3+2x2y2−2xy2

+y3+2xy−2y+1
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F3(x, y) =
5x3+5x2y+3xy2+y3+10x2+8xy+3y2+6x+3y+1
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F3(x, y) =
5x3+5x2y+3xy2+y3+10x2+8xy+3y2+6x+3y+1

M3(x, y) = (xy− 1)3F3

(
1−y

xy−1 , 1
xy−1
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The M-Triangle

Fn(x, y) def
= ∑

A∈Clus(n)
xpos(A)yneg(A)

Mn(x, y) def
= ∑

p,q∈Nonc(n)
µNonc(n)(p, q)xrk(p)yrk(q)

Conjecture (F. Chapoton, 2004)
For n ≥ 1,

Mn(x, y) = (xy− 1)nFn

(
1− y
xy− 1

,
1

xy− 1

)
.
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Fn(x, y) def
= ∑

A∈Clus(n)
xpos(A)yneg(A)

Mn(x, y) def
= ∑

p,q∈Nonc(n)
µNonc(n)(p, q)xrk(p)yrk(q)

Theorem (C. Athanasiadis, 2007)
For n ≥ 1,

Mn(x, y) = (xy− 1)nFn

(
1− y
xy− 1

,
1

xy− 1

)
.
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L = (L,≤) .. (finite) lattice, p ∈ L

nucleus: p↑ def
= p∨∨ Succ(p)

core: interval [p, p↑] in L
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core: interval [p, p↑] in L
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L = (L,≤) .. (finite) lattice, p ∈ L, λ .. edge labeling

core: interval [p, p↑] in L

core label set: Ψλ(p)
def
=
{

λ(p′, q′) | p ≤ p′ l q′ ≤ p↑
}
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L = (L,≤) .. (finite) lattice, p ∈ L, λ .. edge labeling

core: interval [p, p↑] in L

core label set: Ψλ(p)
def
=
{
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L = (L,≤) .. (finite) lattice, p ∈ L, λ .. edge labeling

core: interval [p, p↑] in L

core label set: Ψλ(p)
def
=
{

λ(p′, q′) | p ≤ p′ l q′ ≤ p↑
}
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L = (L,≤) .. (finite) lattice, p ∈ L, λ .. edge labeling

core: interval [p, p↑] in L

core label set: Ψλ(p)
def
=
{

λ(p′, q′) | p ≤ p′ l q′ ≤ p↑
}

core labeling: assignment p 7→ Ψλ(p) is injective

1 2 2

2 1 1
not a core labeling
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core label order: CLOλ(L)
def
=
(
L,v
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L = (L,≤) .. (finite) lattice, λ .. edge labeling

core label order: CLOλ(L)
def
=
(
L,v

)
,

where p v q if and only if Ψλ(p) ⊆ Ψλ(q)

1 2

3 4

2 1 5

5 1

∅

{5} {1} {2} {3} {4}

{1, 5} {1, 2, 3, 4}
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∅

{4} {5} {6} {3} {2} {1}

{3, 4, 6} {2, 3, 5} {1, 2, 4} {1, 5, 6} {2, 6} {1, 3}

{1, 2, 3, 4, 5, 6}
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The Core Label Order of the Tamari Lattice

Theorem (N. Reading, 2011)

For n > 0, the core label order of Tam(n) is isomorphic to the
noncrossing partition lattice Nonc(n).
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labeling edges of Tam(ν) by perspectivity
 CLO
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)

1
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4

FEENN(x, y) = 5x2+xy+6x+1
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Perspectivity Irreducibility

labeling edges of Tam(ν) by perspectivity
 CLO
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)

1

2 3

3 2

4

FEENN(x, y) = 5x2+xy+6x+1

∅

{1} {2} {3} {4}

{2, 3}
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xy−1 , 1
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Conjecture ( , 2021)
Let ν be a northeast path. Then,
Mν(x, y) = (xy− 1)deg(ν)Fν

(
1−y
xy−1 , 1

xy−1

)
if and only if ν does

not contain two consecutive east steps before two consecutive
north steps.
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Conjecture ( , 2021)

Let ν be a northeast path. Then, Asso(ν) is pure if and only if ν
does not contain two consecutive east steps before two consecutive
north steps.
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Cubes

binary tuple: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1}  Bin(n)

Boolean lattice:
Bool(n) def

=
(
Bin(n),≤comp

)

(0, 1, 1) (1, 1, 1)

(0, 0, 1) (1, 0, 1)

(0, 1, 0) (1, 1, 0)

(0, 0, 0) (1, 0, 0)

(0, 0, 0)

(1, 0, 0)

(0, 1, 0) (0, 0, 1)

(1, 1, 0) (1, 0, 1)

(0, 1, 1)

(1, 1, 1)
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binary tuple: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1}  Bin(n)

Boolean lattice:
Bool(n) def

=
(
Bin(n),≤comp

)

Theorem (Folklore)
For n > 0, Bool(n) is meet semidistributive.
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Theorem ( , 2019)

For n > 0, CLO
(
Bool(n)

)
is isomorphic to Bool(n).

(0, 0, 0)

(1, 0, 0)

(0, 1, 0) (0, 0, 1)

(1, 1, 0) (1, 0, 1)

(0, 1, 1)

(1, 1, 1)

(0, 0, 0)

(0, 0, 1) (0, 1, 0) (1, 0, 0)

(0, 1, 1) (1, 0, 1) (1, 1, 0)

(1, 1, 1)

CLO
(
Bool(3)

)
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mark edges if perspective to atoms

Theorem ( , 2020)
For n > 0, we have

FBool(n)(x, y) = (x+y+1)n,

HBool(n)(x, y) = (xy+1)n,

MBool(n)(x, y) = (xy−y+1)n.
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Theorem ( , 2020)
For n > 0, we have

FBool(n)(x, y) = (x+y+1)n,
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MBool(n)(x, y) = (xy−y+1)n.
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=
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let L(n1, n2, . . . , nk)

def
=
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∏
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=
(
[n],≤

)
let L(n1, n2, . . . , nk)

def
=

k
∏
i=1

Chain(ni)

Theorem ( , 2020)
For n > 0, we have

FL(n1,n2,...,nk)(x, y) =
k

∏
i=1

(
(ni−1)x+y+(ni−1)

)
,

HL(n1,n2,...,nk)(x, y) =
k

∏
i=1

(
xy+(ni−2)x+1)

)
,

ML(n1,n2,...,nk)(x, y) =
k

∏
i=1

(
(ni−1)xy−(ni−1)y+1

)
.
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Stacked Cubes

chain poset: Chain(n) def
=
(
[n],≤

)
L(2, 2, . . . , 2) ∼= Bool(k)

Corollary ( , 2020)
For n > 0, we have

FL(2,2,...,2)(x, y) =
k

∏
i=1

(
x+y+1

)
,

HL(2,2,...,2)(x, y) =
k

∏
i=1

(
xy+1

)
,

ML(2,2,...,2)(x, y) =
k

∏
i=1

(
xy−y+1

)
.
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Freehedra

triword: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
ui = 0 implies uj 6= 1 for all j > i

(0, 2, 2) (1, 2, 2)

(0, 0, 2)

(1, 1, 2)

(1, 0, 2)

(1, 2, 1)
(1, 1, 1)

(0, 2, 0) (1, 2, 0)

(1, 1, 0)

(0, 0, 0) (1, 0, 0)
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Freehedra

triword: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
ui = 0 implies uj 6= 1 for all j > i

Hochschild lattice:
Hoch(n) def

=
(
Tri(n),≤comp

)

(0, 2, 2) (1, 2, 2)

(0, 0, 2)

(1, 1, 2)

(1, 0, 2)

(1, 2, 1)
(1, 1, 1)

(0, 2, 0) (1, 2, 0)

(1, 1, 0)

(0, 0, 0) (1, 0, 0)

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)
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Freehedra

triword: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
ui = 0 implies uj 6= 1 for all j > i

Hochschild lattice:
Hoch(n) def

=
(
Tri(n),≤comp

)

Theorem (C. Combe, 2020)
For n > 0, Hoch(n) is meet semidistributive.
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Theorem ( , 2020)

For n > 0, CLO
(
Hoch(n)

)
is isomorphic to Shuf(n−1, 1).

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)

(0, 0, 0)

(0, 0, 2) (1, 1, 1) (1, 0, 0) (0, 2, 0) (1, 1, 0)

(1, 0, 2) (0, 2, 2) (1, 1, 2) (1, 2, 1) (1, 2, 0)

(1, 2, 2)

CLO
(
Hoch(3)

)
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Theorem ( , 2020)

For n > 0, CLO
(
Hoch(n)

)
is isomorphic to Shuf(n−1, 1).

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)

23

2 231 123 3 213

12 ε 21 31 13

1

Shuf(2, 1)

41 / 31



Posets from
Polytopes and
Refined Face
Enumeration

Henri Mühle

Freehedra

mark edges if perspective to atoms

Theorem ( , 2020)
For n > 0, we have

FHoch(n)(x, y) = (x+y+1)n−2(nx2+2xy+(n+1)x+(y+1)2),
HHoch(n)(x, y) = (xy+1)n−2(x2y2+2xy+(n−1)x+1

)
,

MHoch(n)(x, y) = (xy−y+1)n−2

×
(
(n+1)

(
(x−1)y−xy2)+(n+x2)y2+1

))
.
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Associahedra

bracket vector: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, . . . , n− i}  Brac(n)
ui+j ≤ ui − j for all j ∈ {0, 1, . . . , ui}

(2, 1, 0, 0) (3, 1, 0, 0)

(2, 0, 0, 0) (3, 0, 0, 0) (3, 2, 0, 0)

(0, 1, 0, 0) (0, 2, 0, 0)
(3, 2, 1, 0)

(3, 0, 1, 0) (0, 2, 1, 0)

(1, 0, 0, 0) (1, 0, 1, 0)

(0, 0, 0, 0) (0, 0, 1, 0)
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Associahedra

bracket vector: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, . . . , n− i}  Brac(n)
ui+j ≤ ui − j for all j ∈ {0, 1, . . . , ui}

Tamari lattice:
Tam(n) def

=
(
Brac(n),≤comp

)

(2, 1, 0, 0) (3, 1, 0, 0)

(2, 0, 0, 0) (3, 0, 0, 0) (3, 2, 0, 0)

(0, 1, 0, 0) (0, 2, 0, 0)
(3, 2, 1, 0)

(3, 0, 1, 0) (0, 2, 1, 0)

(1, 0, 0, 0) (1, 0, 1, 0)

(0, 0, 0, 0) (0, 0, 1, 0)

(0, 0, 0, 0)

(1, 0, 0, 0)

(0, 1, 0, 0)
(2, 0, 0, 0)

(0, 2, 0, 0) (0, 0, 1, 0) (3, 0, 0, 0)
(2, 1, 0, 0)

(1, 0, 1, 0)

(0, 2, 1, 0) (3, 1, 0, 0)

(3, 2, 0, 0) (3, 0, 1, 0)

(3, 2, 1, 0)
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Associahedra

bracket vector: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, . . . , n− i}  Brac(n)
ui+j ≤ ui − j for all j ∈ {0, 1, . . . , ui}

Tamari lattice:
Tam(n) def

=
(
Brac(n),≤comp

)

Theorem (A. Urquhart, 1978)

For n > 0, Tam(n) is meet semidistributive.
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Theorem (N. Reading, 2011)

For n > 0, CLO
(
Tam(n)

)
is isomorphic to Nonc(n).

(0, 0, 0, 0)

(1, 0, 0, 0)

(0, 1, 0, 0)
(2, 0, 0, 0)

(0, 2, 0, 0) (0, 0, 1, 0) (3, 0, 0, 0)
(2, 1, 0, 0)

(1, 0, 1, 0)

(0, 2, 1, 0) (3, 1, 0, 0)

(3, 2, 0, 0) (3, 0, 1, 0)

(3, 2, 1, 0)

(0, 0, 0, 0)

(2, 0, 0, 0) (0, 2, 0, 0) (3, 0, 0, 0) (0, 0, 1, 0) (0, 1, 0, 0) (1, 0, 0, 0)

(3, 0, 1, 0) (0, 2, 1, 0) (2, 1, 0, 0) (3, 2, 0, 0) (3, 1, 0, 0) (1, 0, 1, 0)

(3, 2, 1, 0)

CLO
(
Tam(4)

)
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Associahedra

Theorem (N. Reading, 2011)

For n > 0, CLO
(
Tam(n)

)
is isomorphic to Nonc(n).

(0, 0, 0, 0)

(1, 0, 0, 0)

(0, 1, 0, 0)
(2, 0, 0, 0)

(0, 2, 0, 0) (0, 0, 1, 0) (3, 0, 0, 0)
(2, 1, 0, 0)

(1, 0, 1, 0)

(0, 2, 1, 0) (3, 1, 0, 0)

(3, 2, 0, 0) (3, 0, 1, 0)

(3, 2, 1, 0)

1|2|3|4

13|2|4 1|24|3 14|2|3 1|2|34 1|23|4 12|3|4

134|2 1|234 123|4 134|2 14|23 12|34

1234

Nonc(4)
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H-Triangles from Posets

P = (P,≤) .. poset; M .. minimal elements of P Questions

antichain: pairwise incomparable elements Anti(P)

H̃-triangle: H̃P(x, y) def
= ∑

A∈Anti(P)
x|A|y|A∩M|
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H-Triangles from Posets

P = (P,≤) .. poset; M .. minimal elements of P Questions

antichain: pairwise incomparable elements Anti(P)

H̃-triangle: H̃P(x, y) def
= ∑

A∈Anti(P)
x|A|y|A∩M|

H̃P(x, y) = x3y3+3x2y2+2x2y+x2+3xy+3x+1
43 / 31
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H-Triangles from Posets

P = (P,≤) .. poset; M .. minimal elements of P Questions

H-triangle: HP,λ(x, y) def
= ∑

p∈P
xout(p)ymrk(p)

H̃-triangle: H̃P(x, y) def
= ∑

A∈Anti(P)
x|A|y|A∩M|

Question ( , 2021)
Let L be a finite, meet-semidistributive lattice. Can we find an
edge-labeling λ of L and a poset P such that
HL,λ(x, y) = H̃P(x, y)?
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