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MOTIVATION

let (P,<p) be a poset
consider the elements of P as tasks

for p,p’ € P, consider p <p p’ as saying that the execution of
p has to be finished before the execution of p’ can begin

thus, (P, <p) can be seen as a schedule, or an execution plan,
and <p can be seen as a set of restrictions
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MOTIVATION

let (P,<p) be a poset
consider the elements of P as tasks

for p,p’ € P, consider p <p p’ as saying that the execution of
p has to be finished before the execution of p’ can begin

thus, (P, <p) can be seen as a schedule, or an execution plan,
and <p can be seen as a set of restrictions

let (Q, <) be another poset

How many different schedules exist such that
(P,<p) and (@, <q) are executed “in parallel”,
no restrictions of (P, <p) and (@, <) are violated or added,
no two tasks are executed at the same time?

we call such a schedule a
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CHARACTERIZATION

let (G, M, J),(G’, M, J") be formal contexts

caset AV ={me M|aJmforall ac A}
for AC G

caset B/={gec G|gJbforall bec B}
for BC M

: a binary relation

R C G x M’ such that for all g € G, the row g is an intent
of (G, M',J'), and for all m € M’, the column mf is an
extent of (G, M, J)
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CHARACTERIZATION

let (P,<p) and (Q, <@) be disjoint posets, and let
RCPxQ and TCQxP

for p,q € PU Q, define p <—g 1 q if and only if
p<pq or p<gq or (p,g)€R or (p,q)eT
. a pair (R, T) such that
(PU Q, «r,T) is a quasi-ordered set
. a merging (R, T)
such that RN Tt =
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CHARACTERIZATION

PROPOSITION (GANTER, MESCHKE, M., 2011)

Let (P,<p) and (Q,<q) be disjoint posets, and let R C P x Q
and T C Q x P. The relation < 1 is reflexive and transitive if
and only if all of the following are satisfied:

1. R is a bond between (P,P,#p) and (Q, Q, %0),
2. T is a bond between (Q, Q, #q) and (P, P, *p),
3. Ro T is contained in <p,
4. T o R is contained in <.

Moreover, <—g 1 is antisymmetric if and only if RN T-1=0.
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CHARACTERIZATION

PROPOSITION (GANTER, MESCHKE, M., 2011)

Let (P,<p) and (Q,<q) be disjoint posets, and let R C P x Q
and T C Q x P. The relation < 1 is reflexive and transitive if
and only if all of the following are satisfied:

1. R is a bond between (P,P,#p) and (Q, Q, %0),
2. T is a bond between (Q, Q, #q) and (P, P, *p),

3. Ro T is contained in <p,

4. T o R is contained in <.
Moreover, <—g 1 is antisymmetric if and only if RN T1=0.

in other words, (P U Q,<—g,T) is a poset if and only if (R, T)
is a proper merging of (P, <p) and (Q, <g)
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A LATTICE STRUCTURE

let Mp @ denote the set of mergings of (P, <p) and
(Q, <)

define a partial order via

(R, T)<(R',T") ifandonlyif RCR and T2 T,
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A LATTICE STRUCTURE

let M, denote the set of proper mergings of (P,<p) and
(Q,<q)

define a partial order via

(R, T)<(R',T") ifandonlyif RCR and T2 T,

THEOREM (GANTER, MESCHKE, M., 2011)

Let (P,<p) and (Q,<q) be disjoint posets. The poset (Mp q,=<)
is in fact a distributive lattice, where the least element is

(0, P x Q) and the greatest element is (P x Q,0).

Moreover, (Mp o, =) is a distributive sublattice of the previous.
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ENUMERA!

Is it easy to determine the number of (proper) mergings of
two posets (P, <p) and (Q, <q)?
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Is it easy to determine the number of (proper) mergings of
two posets (P, <p) and (Q, <q)? In general, no!

the number of (proper) mergings depends heavily on the
structure of (P,<p) and (Q, <@)
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structure of (P,<p) and (Q, <@)
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ENUMERATION

Is it easy to determine the number of (proper) mergings of
two posets (P, <p) and (Q, <q)? In general, no!
the number of (proper) mergings depends heavily on the
structure of (P,<p) and (Q, <@)
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ENUMERATION

Is it easy to determine the number of (proper) mergings of
two posets (P, <p) and (Q, <q)? In general, no!

the number of (proper) mergings depends heavily on the
structure of (P,<p) and (Q, <@)

we present the enumeration of two special cases:

1. proper mergings of antichains and chains
2. proper mergings of stars and chains
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PROPER MERGINGS OF ANTICHAINS AND CHAINS

PREPARATION

let C ={c1,c,...,cn} be a set and define ¢; <, ¢; if and
only if i <
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PREPARATION

let C ={c1,c,...,cn} be a set and define ¢; <, ¢; if and
onlyif i <j ~»¢=(C,<.)is a chain

we notice that ¢; 2. ¢; if and only if i < j, or equivalently
ci <c¢foralli,je{l,2,... n}
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let C ={c1,c,...,cn} be a set and define ¢; <, ¢; if and
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we notice that ¢; 2. ¢; if and only if i < j, or equivalently
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c

. [ScfTalelalal [(Zc Ta [ [c]a]
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let C ={c1,c,...,cn} be a set and define ¢; <, ¢; if and
onlyif i <j ~»¢=(C,<.)is a chain

we notice that ¢; 2. ¢; if and only if i < j, or equivalently
ci <c¢foralli,je{l,2,... n}

4
[ScfTalelalal [(Zc Ta [ [c]a]
s c1 X X X X Cc1 X X X
& X X X & X X
c X X c3 X
@ cy X cy

1

thus, the extents of (C, C, %) are of the form {c1, c2,..., ck}
for some k € {0,1,...,n} and the intents are of the form
{ck, Ck+1,---,Cn} for some k € {1,2,....,n+ 1}

HENRI MUHLE PROPER MERGINGS OF STARS AND CHAINS 15 / 34



MOTIVATION CHARACTERIZATION ENUMERATION CONTINUATION
[e]e} 00000 000@000000000000000 o

PROPER MERGINGS OF ANTICHAINS AND CHAINS

PREPARATION

let A= {a1,as,...,an} be a set and define a; =, a; if and
only if i=

HENRI MUHLE PROPER MERGINGS OF STARS AND CHAINS 16 / 34



MOTIVATION CHARACTERIZATION ENUMERATION CONTINUATION
[e]e} 00000 000@000000000000000 o

PROPER MERGINGS OF ANTICHAINS AND CHAINS

PREPARATION

let A= {a1,as,...,an} be a set and define a; =, a; if and
only if i=j ~»a=(A, =) is an antichain

HENRI MUHLE PROPER MERGINGS OF STARS AND CHAINS 16 / 34



MOTIVATION CHARACTERIZATION ENUMERATION CONTINUATION
[e]e} 00000 000@000000000000000 o

PROPER MERGINGS OF ANTICHAINS AND CHAINS

PREPARATION

let A= {a1,as,...,an} be a set and define a; =, a; if and
only if i=j ~»a=(A, =) is an antichain

a10 20 30 20

HENRI MUHLE PROPER MERGINGS OF STARS AND CHAINS 16 / 34



MOTIVATION CHARACTERIZATION ENUMERATION CONTINUATION
[e]e} 00000 000@000000000000000 o
PROPER MERGINGS OF ANTICHAINS AND CHAINS

PREPARATION

let A= {a1,as,...,an} be a set and define a; =, a; if and
only if i=j ~»a=(A, =) is an antichain

[=a Ta [a [a [ a |
ai X
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as X
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let A= {a1,as,...,an} be a set and define a; =, a; if and
only if i=j ~»a=(A, =) is an antichain
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PREPARATION

let A= {a1,as,...,an} be a set and define a; =, a; if and
only if i=j ~»a=(A, =) is an antichain

[=a [T a1 [ [ a3 [ a ] [Fa [ a1 [ [ a3 [ as ]
ai X al X X X

a10 20 30 20 ap X ap X X X
a3 X a3 X X X
as X as X X X

thus, the extents and intents of (A, A, #,) are precisely the
subsets of A
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PROPER MERGINGS OF ANTICHAINS AND CHAINS

THE IDEA

if (R, T) is a merging of a and ¢, then R must be
right-justified and T must be top-justified

A
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PROPER MERGINGS OF ANTICHAINS AND CHAINS

THE BIJECTION

. a bipartite digraph with
vertex set V = Vj W V;, where |V4| = m and |V,| = n, and
edgeset E =V x V;

:amap v :V — N with the
property: if (vi, ) € E, then v(v1) < y(w)
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PROPER MERGINGS OF ANTICHAINS AND CHAINS

THE BIJECTION

. a bipartite digraph with
vertex set V = Vj W V;, where |V4| = m and |V,| = n, and
edgeset E =V x V;

:amap v :V — N with the
property: if (vi,v2) € E, then y(v1) < y(v2)

given a proper merging (R, T) of a and ¢, define a monotone
(n + 1)-coloring v of K m as follows:

vie Vi anda; Rg
foralln+2—-k<j<n

vie Vo andg T a
forall1<;<n+1-—k

~v(vi) = k if and only if
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PROPER MERGINGS OF ANTICHAINS AND CHAINS

THE BIJECTION

. a bipartite digraph with
vertex set V = Vj W V;, where |V4| = m and |V,| = n, and
edgeset E =V x V;

:amap v :V — N with the
property: if (vi,v2) € E, then y(v1) < y(v2)

given a proper merging (R, T) of a and ¢, define a monotone
(n + 1)-coloring v of K m as follows:

vie Vi anda; Rg
foralln+2—-k<j<n

vie Vo andg T a
forall1<;<n+1-—k

~v(vi) = k if and only if

this is in fact a bijection!
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THE ENUMERATION

the number of monotone n-colorings of Kp, m, is known

ProrosITION (Jovovi¢ & KILIBARDA, 2004)

—

Let kn(Km,,m,) denote the number of monotone n-colorings of
Kmy,m,- Then,

Il
/N
—
]
_|_
—_
|
-
N—r

3
N

|
~—~

=]

|
==
N—r
3
N

—

==
3
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THE ENUMERATION

in view of the bijection from before, we obtain the following
result

THEOREM

The number Fy(m, n) of proper mergings of an m-antichain and
an n-chain is given by
Ftr:(ma n) = K/nJrl(Km,m)
n+1

:kz;((n+2k)’"(n+1k)m> k™,
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PROPER MERGINGS OF ANTICHAINS AND CHAINS

THE ENUMERATION

in view of the bijection from before, we obtain the following
result

The number Fy(m, n) of proper mergings of an m-antichain and
an n-chain is given by
Fa(m, n) = Knt1(Km,m)
n+1
:Z((nJrZ—k)’"—(nJrl—k)m) k™,
k=1

we need to evaluate the term “0°” as zero, in order to cover
the case m = 0 correctly
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OUTLINE

Q ENUMERATION

o Proper Mergings of Stars and Chains
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PROPER MERGINGS OF STARS AND CHAINS

PREPARATION

let S = {sp,51,...,5n} be a set and define s; <, s; if and only
ifi=0o0ri=j
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PREPARATION

let S = {sp,51,...,5n} be a set and define s; <, s; if and only
ifi=0ori=j ~»s=(S,<,)isa star
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PROPER MERGINGS OF STARS AND CHAINS

PREPARATION

let S = {sp,51,...,5n} be a set and define s; <, s; if and only
ifi=0ori=j ~»s=(S,<,)isa star

51 S 53 s
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PROPER MERGINGS OF STARS AND CHAINS

PREPARATION

let S = {sp,51,...,5n} be a set and define s; <, s; if and only
ifi=0ori=j ~»s=(S,<,)isa star

[Ss [Tso[ s[5 [s35[ s |
&l 52 ) 54 S0 X X X X X
51 X
S X
S3 X
0 4 X
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PROPER MERGINGS OF STARS AND CHAINS

PREPARATION

let S = {sp,51,...,5n} be a set and define s; <, s; if and only
ifi=0ori=j ~»s=(S,<,)isa star

[<s [Tso[ s [ [ss[sa] [(Zs[50[s[s[ss]s]
&l 52 ) 54 S0 X X X X X So X X X X
51 X 51 X X X
5 X 5 X X X
53 X 53 X X X
0 4 X 4 X X X
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PROPER MERGINGS OF STARS AND CHAINS

PREPARATION

let S = {sp,51,...,5n} be a set and define s; <, s; if and only
ifi=0ori=j ~»s=(S,<,)isa star

[<s [Tso[ s [ [ss[sa] [(Zs[50[s[s[ss]s]
&l 52 ) 54 S0 X X X X X So X X X X
51 X 51 X X X
5 X 5 X X X
53 X 53 X X X
0 4 X 4 X X X

thus, the extents and of (S, S, %) are either () or sp U B for

some B C S\ {so}, and the intents are either S or some
subset of S\ {so}
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PROPER MERGINGS OF STARS AND CHAINS

the poset (S \ {so}, <s) is an antichain

we identify A= S\ {sp}, and a = (S \ {so}, <s)

if (R, T) is a proper merging of s and ¢, then (R, T), with
R=RN(Ax C)and T =TnN(C x A), is a proper merging
of aand ¢

the map n: M2 — M3 (R, T) — (R, T) is a surjective

a,co
lattice homomorphism

thus, the lattice (93, <) is a quotient lattice of (Mg, <)

5,00
idea: count the fibers of 77 and determine the cardinality of
each fiber
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PROPER MERGINGS OF STARS AND CHAINS

A DECOMPOSITION

decompose the set 93 . with respect to three parameters:
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PROPER MERGINGS OF STARS AND CHAINS

A DECOMPOSITION

decompose the set 93 . with respect to three parameters:

ki: minimal index such that
a R ¢, for some ac A

HENRI MUHLE PROPER MERGINGS OF STARS AND CHAINS 24 / 34



MOTIVATION CHARACTERIZATION ENUMERATION CONTINUATION
[e]e} 00000 00000000000e0000000 o

PROPER MERGINGS OF STARS AND CHAINS

A DECOMPOSITION

decompose the set 93 . with respect to three parameters:

ki: minimal index such that
a R ¢, for some ac A

kr:  maximal index such
that ¢k, T aforsomeac A
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PROPER MERGINGS OF STARS AND CHAINS

A DECOMPOSITION

decompose the set 93 . with respect to three parameters:

ki: minimal index such that
a R ¢, for some ac A

kr:  maximal index such
that ¢k, T aforsomeac A

/: maximal index such that
¢ Taforallace A
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PROPER MERGINGS OF STARS AND CHAINS

A DECOMPOSITION

decompose the set 93 . with respect to three parameters:

ki: minimal index such that
a R ¢, for some ac A

kr:  maximal index such
that ¢k, T aforsomeac A

/: maximal index such that
¢ Taforallace A

<k < kg
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A DECOMPOSITION

decompose the set 93 . with respect to three parameters:

ki: minimal index such that
a R ¢, for some ac A

kr:  maximal index such
that ¢k, T aforsomeac A

/: maximal index such that
¢ Taforallace A

<k < kg
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PROPER MERGINGS OF STARS AND CHAINS

A DECOMPOSITION

decompose the set 93 . with respect to three parameters:

ki: minimal index such that
a R ¢, for some ac A

ki =5
kr:  maximal index such
that ¢k, T aforsomeac A
P [: maximal index such that
e

¢ T aforallac A

<k < kg
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PROPER MERGINGS OF STARS AND CHAINS

A DECOMPOSITION

decompose the set 93 . with respect to three parameters:

ki: minimal index such that
a R ¢, for some ac A

ki =5
kr:  maximal index such
that ¢k, T aforsomeac A
P [: maximal index such that
2 ¢ Taforallac A
<k < kg
/=1
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PROPER MERGINGS OF STARS AND CHAINS

A DECOMPOSITION

fix k1, ko, and /, and denote the set of all proper mergings of a
and ¢ which satisfy the previous constraints by 95 (ki, k2, /)

let V = Vi W V5 denote the vertex set of Kmm, let
Fv,(m, n, k1) resp. Fy,(m, kp, /) denote the possibilities of
coloring Vj resp. V5 (with respect to these constraints)

we have

Djt;,c‘ = Z‘m;,c(kbk%/)‘ = ZFV1(ma n, kl)' FVQ(m7 k2>/)
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PROPER MERGINGS OF STARS AND CHAINS

A DECOMPOSITION

fix k1, ko, and /, and denote the set of all proper mergings of a
and ¢ which satisfy the previous constraints by 95 (ki, k2, /)

let V = Vi W V5 denote the vertex set of Kmm, let
Fv,(m, n, ki) resp. Fy,(m, ko, ) denote the possibilities of
coloring Vi resp. V, (with respect to these constraints)

we have
|m;,c‘ = Z‘ms,c(kb k27 /)‘ = Z FV1(ma n, kl) . FVQ(m7 k2> /)

LEMMA

F\/l(m, n, kl) = (n +2— kl)m — (n +1— kl)m.
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PROPER MERGINGS OF STARS AND CHAINS

A DECOMPOSITION

fix k1, ko, and /, and denote the set of all proper mergings of a
and ¢ which satisfy the previous constraints by 95 (ki, k2, /)

let V = Vi W V5 denote the vertex set of Kmm, let
Fv,(m, n, ki) resp. Fy,(m, ko, ) denote the possibilities of
coloring Vi resp. V, (with respect to these constraints)

we have

|9n;,c‘ = Z‘mc.l,c(kb k27 /)‘ = Z FV1(ma n, kl) . FVQ(m7 k2> /)

LEMMA

1, iy = I,
F\/2(m, kg,/): (kg*/+1)m*2(k2*/)m
+(ko — 1 —1)", otherwise.
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PROPER MERGINGS OF STARS AND CHAINS

THE FIBERS OF 7

let (R, T) € M3 (k1, k2, 1), and let (R,, To) be the proper
merging of s and ¢ which is created from (R, T) by “adding sp
to (R, T)"
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let (R, T) € M3 (k1, k2, 1), and let (R,, To) be the proper
merging of s and ¢ which is created from (R, T) by “adding sp
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PROPER MERGINGS OF STARS AND CHAINS

THE FIBERS OF 7

let (R, T) € M3 (k1, k2, 1), and let (R,, To) be the proper
merging of s and ¢ which is created from (R, T) by “adding sp
to (R, T)"

we cannot add the following
relations:
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PROPER MERGINGS OF STARS AND CHAINS

THE FIBERS OF 7

let (R, T) € M3 (k1, k2, 1), and let (R,, To) be the proper
merging of s and ¢ which is created from (R, T) by “adding sp
to (R, T)"

we cannot add the following
relations:

(¢, %) for ku < j <n
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PROPER MERGINGS OF STARS AND CHAINS

THE FIBERS OF 7

let (R, T) € M3 (k1, k2, 1), and let (R,, To) be the proper
merging of s and ¢ which is created from (R, T) by “adding sp
to (R, T)"

we cannot add the following
relations:

(o) for ki <j <n
(¢j,50) for I < j < ki

HENRI MUHLE PROPER MERGINGS OF STARS AND CHAINS 26 / 34



MOTIVATION CHARACTERIZATION ENUMERATION CONTINUATION
[e]e} 00000 0000000000000e00000 o

PROPER MERGINGS OF STARS AND CHAINS

THE FIBERS OF 7

let (R, T) € M3 (k1, k2, 1), and let (R,, To) be the proper
merging of s and ¢ which is created from (R, T) by “adding sp
to (R, T)"

we cannot add the following
relations:

(Gvs0) for ku < j < n
(¢j,50) for I < j < ki
we can add all the other
relations
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PROPER MERGINGS OF STARS AND CHAINS

THE FIBERS OF 7

carefully counting the other possibilities yields the following
result

LEMMA
Let (R, T) € SUI;J(kl, ko, ). Then,

(R, T)| = ka(1+1) — (3.
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PROPER MERGINGS OF STARS AND CHAINS

THE ENUMERATION

in view of the previous reasoning, we obtain the following

me = > IR T)

(R, T)EMS ¢
n+l ki—1 ko

=X 2.2, 2. IR

ki=1 kp=0 1=0 (R, T)€M?. . (k1,ka,!)

n+1 ki—1 ko

=333 Fu(m, n, k) Fu, (m, ke, /)(kl(/ +1) - (’;1))
ki=1 k=0 I=0
n+1 ki—1 ko

=3 Fu(m,n k) Z 3 Fu(m, k2,/)(k1(l+1) . (';1))
ki=1 =0 /=0
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THE ENUMERATION

we finally obtain the result

THEOREM

The number Fy(m, n) of proper mergings of an m-star and an
n-chain is given by

n+1
Fe(m,n) = k™(n—k+2)""™.
k=1

HENRI MUHLE PROPER MERGINGS OF STARS AND CHAINS 29 / 34



MOTIVATION CHARACTERIZATION ENUMERATION CONTINUATION
[e]e} 00000 00000000000000000e0 o

PROPER MERGINGS OF STARS AND CHAINS

ANOTHER INTERPRETATION OF Fg(m, n)

consider the maps upm(h) = h™ and vp(i,h) = (i — 1+ h)™

define the convolution array (ajj);; of um and vy, via

(um(1), um(2), - ., um(j)) * (vin(i, 1), Vin(i, 2), . . ., vin(i, )

ajj

I
M“‘

Um(k) - vm(i,j — k+1)

x
Il
-

I
M\.

(k(i +j = k)"

x
Il
—
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PROPER MERGINGS OF STARS AND CHAINS

ANOTHER INTERPRETATION OF Fg(m, n)

consider the maps upm(h) = h™ and vp(i,h) = (i — 1+ h)™

the sum of the n-th antidiagonal of this array is

n
C(m,n) = E al,n—I+1
I=1

n
= Z k™(n — k 4+ 1)™ 1
k=1

we observe that Fg(m,n) = C(m,n+ 1)
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PROPER MERGINGS OF STARS AND CHAINS

A BIJECTIVE PROOF?

let Vi, Vo, V3 be sets with |Vi| = m; for i € {1,2,3}

consider the graph K, my.ms = (V, E) with

V=Viw Vo Vzand E = (V4 x Vo) U (Vs x Vi)

let #n(Komy.mp.ms) denote the number of monotone n-colorings
of Kml,mz,lm

Christian Krattenthaler observed that

—

Fsc(m7 ”) = ﬂn—i—l(Km,l,m—&—l)
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PROPER MERGINGS OF STARS AND CHAINS

A BIJECTIVE PROOF?

let Vi, Vo, V3 be sets with |Vi| = m; for i € {1,2,3}

consider the graph K, my.ms = (V, E) with
V=ViwVow Vsand E = (V5 x Vo) U (Vo x V)

let #n(Komy.mp.ms) denote the number of monotone n-colorings
of Kml,mz,me,

Christian Krattenthaler observed that

—

Fs:(m7 n) = ﬂn—i—l(Km,l,m—&—l)

PROBLEM

Construct a bijection between the set of proper mergings of s and
¢, and the set of monotone (n + 1)-colorings of Kim 1 m+1!
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OUTLINE

Q CONTINUATION
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find enumeration formulas for the proper mergings of other
families of posets

investigate the relations between 9Mip ¢ and Mps o under the
assumption that P and P’ are structurally related
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find enumeration formulas for the proper mergings of other
families of posets

known: [902 [, |95 [, [90%5 [, [9%2 |

investigate the relations between Mp o and Mps o under the
assumption that P and P’ are structurally related
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OUTLOOK

find enumeration formulas for the proper mergings of other
families of posets

known: 902 |, |93 |, 95 [, 19072 |
investigate the relations between Mp o and Mps o under the
assumption that P and P’ are structurally related

we have seen that if P’ is a subposet of P, then (Mp: g, <) is
a quotient lattice of (Mp g, <)
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OUTLOOK

find enumeration formulas for the proper mergings of other
families of posets
known: [D02 [, [93 o, 9005, |92 |
investigate the relations between Mp o and Mps o under the
assumption that P and P’ are structurally related
we have seen that if P’ is a subposet of P, then (Mp: g, <) is
a quotient lattice of (Mp g, <)
for instance: if P = Py x P,, can (Mp, g, <) be explained via
(mPth j) and (WPZ,Q» j)7
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Thank You.
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