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Catalan Families

let n > 0 be an integer

Catalan number: Cat(n) def
= 1

n+1 (
2n
n )

Catalan family: family of combinatorial objects
enumerated by Cat(n)

triangulations of an (n + 2)-gon
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let n > 0 be an integer

Catalan number: Cat(n) def
= 1

n+1 (
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Catalan family: family of combinatorial objects
enumerated by Cat(n)

Dyck paths of length 2n
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Catalan Families

let n > 0 be an integer; [n] def
= {1, 2, . . . , n}

Catalan number: Cat(n) def
= 1

n+1 (
2n
n )

Catalan family: family of combinatorial objects
enumerated by Cat(n)

231-avoiding permutations of [n]

123 132 213 312 321
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let n > 0 be an integer; [n] def
= {1, 2, . . . , n}

Catalan number: Cat(n) def
= 1

n+1 (
2n
n )

Catalan family: family of combinatorial objects
enumerated by Cat(n)

noncrossing partitions of [n]
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Flip Order on Triangulations

triangulation: dissection of a convex (n + 2)-gon into
triangles  ∆n

(diagonal) flip:
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Flip Order on Triangulations

triangulation: dissection of a convex (n + 2)-gon into
triangles  ∆n

(diagonal) flip:
increasing flip: total slope increases  ≤flip
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Rotation Order on Dyck Paths

Dyck path: positive lattice path using n up- and n
down-steps of unit length  Dn

(valley) rotation:
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Rotation Order on Dyck Paths

Dyck path: positive lattice path using n up- and n
down-steps of unit length  Dn

(valley) rotation:
increasing rotation: area increases  ≤rot
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Sn .. group of permutations of [n]; w ∈ Sn
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Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)
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Inversion Order on 231-Avoiding Permutations

Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)

531264
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Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)

531264
↑ ↑↑

6 / 29



Parabolic
Cataland

Henri Mühle

Catalan
Combinatorics

The
Symmetric
Group

Cataland

Parabolic
Cataland

Parabolic
Cataland in
Type An

Inversion Order on 231-Avoiding Permutations

Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)
231-avoiding permutation: permutation without
231-pattern  Sn(231)
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Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)
231-avoiding permutation: permutation without
231-pattern  Sn(231)
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Inversion Order on 231-Avoiding Permutations

Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)
231-avoiding permutation: permutation without
231-pattern  Sn(231)
inversion: i < j with w(i) > w(j)  Inv(w)

431265
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Inversion Order on 231-Avoiding Permutations

Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)
231-avoiding permutation: permutation without
231-pattern  Sn(231)
inversion: i < j with w(i) > w(j)  Inv(w)

weak order: containment of inversion sets  ≤weak

431265
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Inversion Order on 231-Avoiding Permutations

Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)
231-avoiding permutation: permutation without
231-pattern  Sn(231)
inversion: i < j with w(i) > w(j)  Inv(w)

weak order: containment of inversion sets  ≤weak

431265
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Inversion Order on 231-Avoiding Permutations

Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)
231-avoiding permutation: permutation without
231-pattern  Sn(231)
inversion: i < j with w(i) > w(j)  Inv(w)

weak order: containment of inversion sets  ≤weak

531264
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Inversion Order on 231-Avoiding Permutations

Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)
231-avoiding permutation: permutation without
231-pattern  Sn(231)
inversion: i < j with w(i) > w(j)  Inv(w)

weak order: containment of inversion sets  ≤weak
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Inversion Order on 231-Avoiding Permutations

Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)
231-avoiding permutation: permutation without
231-pattern  Sn(231)
inversion: i < j with w(i) > w(j)  Inv(w)

weak order: containment of inversion sets  ≤weak

531264
↑ ↑↑
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Inversion Order on 231-Avoiding Permutations

Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)
231-avoiding permutation: permutation without
231-pattern  Sn(231)
inversion: i < j with w(i) > w(j)  Inv(w)

weak order: containment of inversion sets  ≤weak

531264
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Inversion Order on 231-Avoiding Permutations

Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)
231-avoiding permutation: permutation without
231-pattern  Sn(231)
inversion: i < j with w(i) > w(j)  Inv(w)

weak order: containment of inversion sets  ≤weak

631254
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Inversion Order on 231-Avoiding Permutations

Sn .. group of permutations of [n]; w ∈ Sn

231-pattern: i < j < k with w(k) < w(i) < w(j)
231-avoiding permutation: permutation without
231-pattern  Sn(231)
inversion: i < j with w(i) > w(j)  Inv(w)

weak order: containment of inversion sets  ≤weak

631254
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Tamari lattice:
Tn

def
=
(
∆n,≤flip

) ∼= (Dn,≤rot
) ∼= (Sn(231),≤weak

)
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Tamari Lattices

Tamari lattice:
Tn

def
=
(
∆n,≤flip

) ∼= (Dn,≤rot
) ∼= (Sn(231),≤weak

)

123

213

132

312

321
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Refinement Order on Noncrossing Partitions

noncrossing partition: set partition of [n] such that if
i < j < k < l and i ∼ k and j ∼ l, then i ∼ j  NCn

refinement order: containment of blocks  ≤ref
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noncrossing partition: set partition of [n] such that if
i < j < k < l and i ∼ k and j ∼ l, then i ∼ j  NCn

refinement order: containment of blocks  ≤ref

i j k l

8 / 29



Parabolic
Cataland

Henri Mühle

Catalan
Combinatorics

The
Symmetric
Group

Cataland

Parabolic
Cataland

Parabolic
Cataland in
Type An

Refinement Order on Noncrossing Partitions

noncrossing partition: set partition of [n] such that if
i < j < k < l and i ∼ k and j ∼ l, then i ∼ j  NCn

refinement order: containment of blocks  ≤ref

8 / 29



Parabolic
Cataland

Henri Mühle

Catalan
Combinatorics

The
Symmetric
Group

Cataland

Parabolic
Cataland

Parabolic
Cataland in
Type An

Refinement Order on Noncrossing Partitions

noncrossing partition: set partition of [n] such that if
i < j < k < l and i ∼ k and j ∼ l, then i ∼ j  NCn

refinement order: containment of blocks  ≤ref

8 / 29



Parabolic
Cataland

Henri Mühle

Catalan
Combinatorics

The
Symmetric
Group

Cataland

Parabolic
Cataland

Parabolic
Cataland in
Type An

Refinement Order on Noncrossing Partitions

noncrossing partition: set partition of [n] such that if
i < j < k < l and i ∼ k and j ∼ l, then i ∼ j  NCn

refinement order: containment of blocks  ≤ref

8 / 29



Parabolic
Cataland

Henri Mühle

Catalan
Combinatorics

The
Symmetric
Group

Cataland

Parabolic
Cataland

Parabolic
Cataland in
Type An

Refinement Order on Noncrossing Partitions

noncrossing partition: set partition of [n] such that if
i < j < k < l and i ∼ k and j ∼ l, then i ∼ j  NCn

refinement order: containment of blocks  ≤ref

8 / 29



Parabolic
Cataland

Henri Mühle

Catalan
Combinatorics

The
Symmetric
Group

Cataland

Parabolic
Cataland

Parabolic
Cataland in
Type An

Noncrossing Partition Lattices

noncrossing partition lattice: NCn
def
= (NCn,≤ref)
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noncrossing partition lattice: NCn
def
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9 / 29



Parabolic
Cataland

Henri Mühle

Catalan
Combinatorics

The
Symmetric
Group

Cataland

Parabolic
Cataland

Parabolic
Cataland in
Type An

A Connection

Sn .. group of permutations of [n]; w ∈ Sn

cover inversion: i < j with w(i) = w(j) + 1
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A Connection

Sn .. group of permutations of [n]; w ∈ Sn

cover inversion: i < j with w(i) = w(j) + 1

431265

Theorem (N. Williams, 2013; N. Reading, 2015)
The set of cover inversions of a 231-avoiding permutation forms a
noncrossing partition, and this correspondence is bijective.
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Ordering the Symmetric Group

symmetric group: group of permutations of [n]  Sn
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Ordering the Symmetric Group

symmetric group: group of permutations of [n]  Sn

X ⊆ Sn generating set closed under taking inverses
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Ordering the Symmetric Group

symmetric group: group of permutations of [n]  Sn

X ⊆ Sn generating set closed under taking inverses
X-length: word length with respect to alphabet X  `X

X-postfix order: u ≤X v if and only if
`X(u) + `X(vu−1) = `X(v)
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Ordering the Symmetric Group

symmetric group: group of permutations of [n]  Sn

canonical choices for X:
X = Sn

def
=
{
(i i+1) | 1 ≤ i < n

}
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Ordering the Symmetric Group

symmetric group: group of permutations of [n]  Sn

canonical choices for X:
X = Sn

def
=
{
(i i+1) | 1 ≤ i < n

}

123

213 132

312 231

321
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symmetric group: group of permutations of [n]  Sn

canonical choices for X:
X = Tn

def
=
{
(i j) | 1 ≤ i < j ≤ n

}
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Ordering the Symmetric Group

symmetric group: group of permutations of [n]  Sn

canonical choices for X:
X = Tn

def
=
{
(i j) | 1 ≤ i < j ≤ n

}

123

132 213 321

231 312
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Ordering the Symmetric Group

symmetric group: group of permutations of [n]  Sn

Theorem (A. Björner, 1980)
For u, v ∈ Sn we have u ≤S v if and only if u ≤weak v.
Consequently, there is an isomorphism of lattices(

Sn(231),≤S

)
∼= Tn.
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Ordering the Symmetric Group

symmetric group: group of permutations of [n]  Sn

Theorem (P. Biane, 1997; T. Brady, 2001)
There is an isomorphism of lattices({

w ∈ Sn | w ≤T (1 2 . . . n)
}

,≤T

)
∼= NCn.
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Ordering the Symmetric Group

symmetric group: group of permutations of [n]  Sn
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The Root Poset

root order: (i, j) � (k, l) if and only if i ≥ k and j ≤ l

root poset: Φn
def
= (Tn,�)

Theorem (A. Postnikov, 1997)
The set of order ideals in Φn is in bijection with Dn.
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let V = R[x1, x2, . . . , xn]/(x1 + x2 + · · ·+ xn = 0)
Sn acts on V by permuting variables

Theorem (Folklore)

The invariant ring VSn is a polynomial algebra. Every
homogeneous choice of algebraically independent generators has
degrees 2, 3, . . . , n.
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Observation
The long cycle c = (1 2 . . . n) factorizes canonically into
adjacent transpositions:

c = (1 2) · (2 3) · · · (n−1 n).

This orders Sn lexicographically.
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Observation
The long cycle c = (1 2 . . . n) factorizes canonically into
adjacent transpositions:

c = (1 2) · (2 3) · · · (n−1 n).

This orders Sn lexicographically. And also Tn.
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for (i, j), (k, l) ∈ Tn define

(i, j) + (k, l) def
=

{
(i, l), if j = k,
⊥, otherwise
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Two Observations

for (i, j), (k, l) ∈ Tn define

(i, j) + (k, l) def
=

{
(i, l), if j = k,
⊥, otherwise

if w ∈ Sn and (i, j) + (j, k) ∈ Inv(w), then
(i, j) ∈ Inv(w) or (j, k) ∈ Inv(w)
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for (i, j), (k, l) ∈ Tn define

(i, j) + (k, l) def
=

{
(i, l), if j = k,
⊥, otherwise

if w ∈ Sn and (i, j) + (j, k) ∈ Inv(w), then
(i, j) ∈ Inv(w) or (j, k) ∈ Inv(w)

Observation
If w ∈ Sn(231) and (i, j) + (j, k) ∈ Inv(w), then
(i, j) ∈ Inv(w).

Inversion sets of 231-avoiding permutations are lexicographically
“aligned”.
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1 Catalan Combinatorics

2 The Symmetric Group

3 Cataland

4 Parabolic Cataland
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Coxeter Systems

let S be a finite set

Coxeter matrix: m : S× S→ {1, 2, . . . , ∞} such that
m(s, t) = m(t, s) and m(s, t) = 1 if and only if s = t
Coxeter system: (W, S) such that

W =
〈
S | (st)m(s,t) = id if m(s, t) 6= ∞

〉
group
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Coxeter Systems

let S be a finite set

Coxeter matrix: m : S× S→ {1, 2, . . . , ∞} such that
m(s, t) = m(t, s) and m(s, t) = 1 if and only if s = t
Coxeter system: (W, S) such that

W =
〈
S | (st)m(s,t) = id if m(s, t) 6= ∞

〉
group

W is a Coxeter group

m =


1 3 2 2
3 1 4 ∞
2 4 1 2
2 ∞ 2 1

 ←→ s1 s2

s3

s4

4

∞
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Finite Coxeter Systems

An, n ≥ 1 : s1 s2 s3 · · · sn

Bn, n ≥ 2 : s1 s2 s3 · · · s44

Dn, n ≥ 4 :
s2

s1
s3 s4 · · · sn

En, 6 ≤ n ≤ 8 : s1
s2

s3
s4 · · · sn

F4 : s1 s2 s3 s44

Hn, 2 ≤ n ≤ 4 : s1 s2 s3 · · · sn5

I2(m), m ≥ 6 : s1 s2m
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Reflection Groups

(Sn, Sn) is the Coxeter system of type An−1
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let (W, S) be a finite Coxeter system with |S| = n

19 / 29



Parabolic
Cataland

Henri Mühle

Catalan
Combinatorics

The
Symmetric
Group

Cataland

Parabolic
Cataland

Parabolic
Cataland in
Type An

Reflection Groups

let (W, S) be a finite Coxeter system with |S| = n

W acts on Rn as a group generated by reflections
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Reflection Groups

let (W, S) be a finite Coxeter system with |S| = n

W acts on Rn as a group generated by reflections

Theorem (C. Chevalley, 1955)

The invariant ring R[x1, x2, . . . , xn]W is a polynomial algebra.
Every homogeneous choice of algebraically independent
generators has degrees d1, d2, . . . , dn.
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Reflection Groups

let (W, S) be a finite Coxeter system with |S| = n

W acts on Rn as a group generated by reflections
degrees: the numbers d1, d2, . . . , dn

Theorem (C. Chevalley, 1955)

The invariant ring R[x1, x2, . . . , xn]W is a polynomial algebra.
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Reflection Groups

let (W, S) be a finite Coxeter system with |S| = n

W acts on Rn as a group generated by reflections
degrees: the numbers d1, d2, . . . , dn

W-Catalan number: Cat(W)
def
=

n
∏
i=1

di+dn
di
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let (W, S) be a finite Coxeter system with |S| = n

W acts on Rn as a group generated by reflections
degrees: the numbers d1, d2, . . . , dn

W-Catalan number: Cat(W)
def
=

n
∏
i=1

di+dn
di

reflections:
T def
= {wsw−1 | w ∈ W, s ∈ S}

= {tα | α ∈ Φ+
W}

roots: normal vectors to reflecting hyperplanes
 ΦW = Φ+

W ]Φ−W
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degrees: the numbers d1, d2, . . . , dn

W-Catalan number: Cat(W)
def
=

n
∏
i=1

di+dn
di

reflections:
T def
= {wsw−1 | w ∈ W, s ∈ S} = {tα | α ∈ Φ+

W}
roots: normal vectors to reflecting hyperplanes

 ΦW = Φ+
W ]Φ−W

simple roots: α ∈ Φ+
W such that tα ∈ S  ΠW
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T def
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W}
roots: normal vectors to reflecting hyperplanes
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simple roots: α ∈ Φ+
W such that tα ∈ S  ΠW

root order: α � β if and only if β− α ∈ spanN(ΠW)
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Reflection Groups

let (W, S) be a finite Coxeter system with |S| = n

W acts on Rn as a group generated by reflections
degrees: the numbers d1, d2, . . . , dn

W-Catalan number: Cat(W)
def
=

n
∏
i=1

di+dn
di

reflections:
T def
= {wsw−1 | w ∈ W, s ∈ S} = {tα | α ∈ Φ+

W}
roots: normal vectors to reflecting hyperplanes

 ΦW = Φ+
W ]Φ−W

simple roots: α ∈ Φ+
W such that tα ∈ S  ΠW

root order: α � β if and only if β− α ∈ spanN(ΠW)
works only if (W, S) is crystallographic
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Reflection Groups

let (W, S) be a finite Coxeter system with |S| = n

W acts on Rn as a group generated by reflections
degrees: the numbers d1, d2, . . . , dn

W-Catalan number: Cat(W)
def
=

n
∏
i=1

di+dn
di

Theorem (A. Postnikov, 1997)

The number of order ideals in (Φ+
W,�) equals Cat(W).
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Reflection Groups

let (W, S) be a finite Coxeter system with |S| = n

W acts on Rn as a group generated by reflections
degrees: the numbers d1, d2, . . . , dn

W-Catalan number: Cat(W)
def
=

n
∏
i=1

di+dn
di

Theorem (A. Postnikov, 1997)

The number of order ideals in (Φ+
W,�) equals Cat(W).

 Cat(W) is an integer for every W
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Inversions in a Coxeter Group

let (W, S) be a finite Coxeter system; w ∈ W

Coxeter length: shortest length of factorization of w in
terms of S  `S

(right) inversion: t ∈ T with `S(wt) < `S(w)  Inv(w)

if w = a1a2 · · · ak, then Inv(w) = (r1, r2, . . . , rk) with
ri = akak−1 · · · ak−i+1 · · · ak−1ak

since W is finite, there exists a longest element  w◦
 Inv(w◦) = T
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Orienting a Coxeter Group

let (W, S) be a finite Coxeter system with |S| = n

Coxeter element: c = sσ(1)sσ(2) · · · sσ(n) for σ ∈ Sn

 this orders S linearly
 Inv

(
w◦(c)

)
linearly orders T

and Φ+
W

 @c
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Orienting a Coxeter Group

let (W, S) be a finite Coxeter system with |S| = n;
w ∈ W

Coxeter element: c = sσ(1)sσ(2) · · · sσ(n) for σ ∈ Sn
 this orders S linearly
c-sorting word of w: lexicographically smallest
S-reduced word for w  w(c)
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let (W, S) be a finite Coxeter system with |S| = n;
w ∈ W

Coxeter element: c = sσ(1)sσ(2) · · · sσ(n) for σ ∈ Sn
 this orders S linearly
c-sorting word of w: lexicographically smallest
S-reduced word for w  w(c)
 Inv

(
w◦(c)

)
linearly orders T and Φ+
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Ordering a Coxeter Group

let (W, S) be a finite Coxeter system

X ⊆ W generating set closed under taking inverses
X-length: word length with respect to alphabet X  `X

X-postfix order: u ≤X v if and only if
`X(u) + `X(vu−1) = `X(v)
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Ordering a Coxeter Group

let (W, S) be a finite Coxeter system

X ⊆ W generating set closed under taking inverses
X-length: word length with respect to alphabet X  `X

X-postfix order: u ≤X v if and only if
`X(u) + `X(vu−1) = `X(v)

canonical choices for X:
(left) weak order: X = S
absolute order: X = T
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let (W, S) be a finite Coxeter system

Definition (N. Reading, 2007)
Let c ∈ W be a Coxeter element. An element w ∈ W is
c-aligned if tα @c taα+bβ @c tβ and taα+bβ ∈ Inv(w) imply
tα ∈ Inv(w).

 Align(W, c)
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let (W, S) be a finite Coxeter system

Theorem (N. Reading, 2007)
For every Coxeter element c ∈ W, we have∣∣Align(W, c)

∣∣ = Cat(W).
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let (W, S) be a finite Coxeter system

Theorem (N. Reading, 2007)
For every Coxeter element c ∈ W, we have∣∣Align(W, c)

∣∣ = Cat(W).

There is a long cycle c ∈ Sn such that

Sn(231) = Align(Sn, c).
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let (W, S) be a finite Coxeter system

Theorem (N. Reading, 2007)

For every Coxeter element c ∈ W, the poset
(
Align(W, c),≤S

)
is

a lattice; the c-Cambrian lattice.
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let (W, S) be a finite Coxeter system

Definition (T. Brady & C. Watt, 2002)
Let c ∈ W be a Coxeter element. An element w ∈ W is
c-noncrossing if w ≤T c.

 NC(W, c)
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let (W, S) be a finite Coxeter system

Theorem (D. Bessis, 2003)
For every Coxeter element c ∈ W, we have∣∣NC(W, c)

∣∣ = Cat(W).

23 / 29



Parabolic
Cataland

Henri Mühle

Catalan
Combinatorics

The
Symmetric
Group

Cataland

Parabolic
Cataland

Parabolic
Cataland in
Type An

Cataland

let (W, S) be a finite Coxeter system

Theorem (T. Brady & C. Watt, 2008)

For every Coxeter element c ∈ W, the poset
(
NC(W, c),≤T

)
is a

lattice.
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let (W, S) be a finite Coxeter system, let w ∈ W

cover inversion: t ∈ Inv(w) such that wt = sw for some
s ∈ S  Cov(w)
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Cataland

let (W, S) be a finite Coxeter system, let w ∈ W

cover inversion: t ∈ Inv(w) such that wt = sw for some
s ∈ S  Cov(w)

Theorem (N. Reading, 2007)

Let w ∈ Align(W, c) such that Cov(w) = {t1, t2, . . . , tk} with
t1 @c t2 @c · · · @c tk. The product t1t2 · · · tk is c-noncrossing
and this correspondence is bijective.
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Parabolic Cataland

let (W, S) be a finite Coxeter system

for J ⊆ S, let WJ be the subgroup of W generated by J
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let (W, S) be a finite Coxeter system

for J ⊆ S, let WJ be the subgroup of W generated by J

parabolic quotient: WJ def
= W/WJ
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Parabolic Cataland

let (W, S) be a finite Coxeter system

for J ⊆ S, let WJ be the subgroup of W generated by J

parabolic quotient: WJ def
= W/WJ

 we identify WJ with set of minimal length
representatives of the right cosets
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Parabolic Cataland

let (W, S) be a finite Coxeter system

for J ⊆ S, let WJ be the subgroup of W generated by J

parabolic quotient: WJ def
= W/WJ

 we identify WJ with set of minimal length
representatives of the right cosets

Theorem (A. Björner & M. Wachs, 1988)

WJ is isomorphic to an interval in (W,≤S).

25 / 29



Parabolic
Cataland

Henri Mühle

Catalan
Combinatorics

The
Symmetric
Group

Cataland

Parabolic
Cataland

Parabolic
Cataland in
Type An

Parabolic Cataland

let (W, S) be a finite Coxeter system

for J ⊆ S, let WJ be the subgroup of W generated by J

parabolic quotient: WJ def
= W/WJ

 we identify WJ with set of minimal length
representatives of the right cosets

Theorem (A. Björner & M. Wachs, 1988)

WJ is isomorphic to an interval in (W,≤S).

 there is a parabolic longest element  wJ
◦
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Parabolic Cataland

let (W, S) be a finite Coxeter system

for J ⊆ S, let WJ be the subgroup of W generated by J

parabolic quotient: WJ def
= W/WJ

 we identify WJ with set of minimal length
representatives of the right cosets

Theorem (A. Björner & M. Wachs, 1988)

WJ is isomorphic to an interval in (W,≤S).

 there is a parabolic longest element  wJ
◦

 any Coxeter element c induces a total order of TJ via
Inv
(
wJ
◦(c)

)
 @J

c
25 / 29
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Parabolic Cataland

let (W, S) be a finite Coxeter system

for J ⊆ S, let WJ be the subgroup of W generated by J

parabolic quotient: WJ def
= W/WJ

 we identify WJ with set of minimal length
representatives of the right cosets

Definition (N. Williams, 2013)

Let c ∈ W be a Coxeter element. An element w ∈ WJ is
(WJ, c)-aligned if tα @

J
c taα+bβ @

J
c tβ and taα+bβ ∈ Cov(w),

then tα ∈ Inv(w).

 Align(WJ, c)
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Parabolic Cataland

let (W, S) be a finite Coxeter system

for J ⊆ S, let WJ be the subgroup of W generated by J

parabolic quotient: WJ def
= W/WJ

 we identify WJ with set of minimal length
representatives of the right cosets

Definition (N. Williams, 2013)
Let c ∈ W be a Coxeter element. A product t1t2 · · · tk is
(WJ, c)-noncrossing if there exists w ∈ Align(WJ, c) such
that Cov(w) = {t1, t2, . . . , tk} with t1 @

J
c t2 @

J
c · · · @J

c tk.

 NC(WJ, c)
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Parabolic Cataland

let (W, S) be a finite Coxeter system

for J ⊆ S, let WJ be the subgroup of W generated by J

parabolic quotient: WJ def
= W/WJ

 we identify WJ with set of minimal length
representatives of the right cosets

Definition (N. Williams, 2013)

The parabolic root poset is (Φ+
WJ ,�), where Φ+

WJ is the
order filter of (Φ+

W,�) generated by the simple roots
corresponding to the elements of S \ J.
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Parabolic Cataland

let (W, S) be a finite Coxeter system

for J ⊆ S, let WJ be the subgroup of W generated by J

parabolic quotient: WJ def
= W/WJ

 we identify WJ with set of minimal length
representatives of the right cosets

Definition (N. Williams, 2013)

The parabolic Catalan number, denoted by Cat(WJ), is the
number of order ideals in (Φ+

WJ ,�).
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Parabolic Cataland

let (W, S) be a finite Coxeter system

for J ⊆ S, let WJ be the subgroup of W generated by J

parabolic quotient: WJ def
= W/WJ

 we identify WJ with set of minimal length
representatives of the right cosets

Conjecture (N. Williams, 2013)
Let c ∈ W be a Coxeter element. We have∣∣Align(WJ, c)

∣∣ = Cat(WJ) =
∣∣NC(WJ, c)

∣∣
if and only if (W, S) is of type An, Bn, H3 or I2(m).
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Parabolic Cataland

let (W, S) be a finite Coxeter system

for J ⊆ S, let WJ be the subgroup of W generated by J

parabolic quotient: WJ def
= W/WJ

 we identify WJ with set of minimal length
representatives of the right cosets

Conjecture (N. Williams, 2013)

Let c ∈ W be a Coxeter element. The poset
(
Align(WJ, c),≤S

)
is

a lattice.
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consider (Sn, Sn), and fix c = (1 2 . . . n)

w ∈ S6
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w ∈ S6
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w ∈ S6
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consider (Sn, Sn), and fix c = (1 2 . . . n)

w ∈ S6

J = {s1, s3, s4}
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Parabolic Quotients of Sn

consider (Sn, Sn), and fix c = (1 2 . . . n)

w ∈ S6

J = {s1, s3, s4}
subsets of Sn correspond to compositions of n

s1 s2 s3 s4 s5

w(1) w(2) w(3) w(4) w(5) w(6)< < <
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Parabolic Quotients of Sn

consider (Sn, Sn), and fix c = (1 2 . . . n)

w ∈ S6

J = S6 \ {s2, s5}
subsets of Sn correspond to compositions of n

s1 s2 s3 s4 s5

w(1) w(2) w(3) w(4) w(5) w(6)< < <
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Parabolic Quotients of Sn

consider (Sn, Sn), and fix c = (1 2 . . . n)

w ∈ S6

J = S6 \ {s2, s5} ←→ α = (2, 3, 1)
subsets of Sn correspond to compositions of n

s1 s2 s3 s4 s5

w(1) w(2) w(3) w(4) w(5) w(6)< < <
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Parabolic Quotients of Sn

consider (Sn, Sn), and fix c = (1 2 . . . n)

Theorem ( & N. Williams, 2015)
For c = (1 2 . . . n) and J ⊆ Sn holds∣∣Align(SJ

n, c)
∣∣ = Cat(SJ

n) =
∣∣NC(SJ

n, c)
∣∣.
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Parabolic Quotients of Sn

let n = 4, c = (1 2 3 4), J = {s2}

4 2 3 1

4 1 3 2

4 1 2 3

3 2 4 1

3 1 2 4

1 3 4 2

2 1 4 3

2 1 3 4

1 2 4 3

1 2 3 4

Align(SJ
4, c) order ideals in

(
Φ+

S
J
4
,�
)

NC(SJ
4, c)
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Parabolic Quotients of Sn

consider (Sn, Sn), and fix c = (1 2 . . . n)

parabolic Tamari lattice:
(
Align(WJ, c),≤S

)
 T J

n

Theorem ( & N. Williams, 2015)

For c = (1 2 . . . n) and J ⊆ Sn, the poset T J
n is a lattice.
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Parabolic Quotients of Sn

consider (Sn, Sn), and fix c = (1 2 . . . n)

parabolic Dyck paths: order ideals in
(
Φ+

SJ
n
,�
)
 DJ

n

Theorem (C. Ceballos, W. Fang & , 2018)

For c = (1 2 . . . n) and J ⊆ Sn, the lattices
(
Align(SJ

n),≤S
)

and
(
DJ

n,≤rot) are isomorphic.
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let n = 4, c = (1 2 3 4), J = {s2}

1 2 3 4

2 1 3 4 1 2 4 3

3 1 2 4
2 1 4 3 1 3 4 2

4 1 2 3

4 1 3 2 3 2 4 1

4 2 3 1

27 / 29



Parabolic
Cataland

Henri Mühle

Catalan
Combinatorics

The
Symmetric
Group

Cataland

Parabolic
Cataland

Parabolic
Cataland in
Type An

Parabolic Quotients of Sn

let n = 4, c = (1 2 3 4), J = {s2}
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Conclusion

we have presented an algebraic framework to
generalize classical Catalan families to parabolic
quotients of finite Coxeter groups
in type An there are surprising connections to diagonal
harmonics and Hopf algebras on pipe dreams
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Conclusion

we have presented an algebraic framework to
generalize classical Catalan families to parabolic
quotients of finite Coxeter groups
in type An there are surprising connections to diagonal
harmonics and Hopf algebras on pipe dreams

prospects:
combinatorial realizations for other Coxeter elements in
type An  work in progress with V. Pilaud
combinatorial realizations for other types
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