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diagonals of regular (n + 3)-gon  Clus(n)
two statistics pos and neg control two types of vertices
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cluster complex: faces are pairwise noncrossing
diagonals of regular (n + 3)-gon  Clus(n)
two statistics pos and neg control two types of vertices

F-triangle: F̃n(x, y) def
= ∑

F∈Clus(n)
xpos(F)yneg(F)

F̃3(x, y) = 5x3+5x2y+3xy2+y3

+10x2+8xy+3y2+6x+3y+1
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Schröder
Paths

The H-Triangle

root poset: triangular poset with (n+1
2 ) elements

 Root(n)
enumerate antichains in Root(n)  Anti(n)
statistic min controls number of minimal elements

(1 2) (2 3) (2 3)

(1 3) (2 4)

(1 4)

5 / 22



Chapoton’s
Triangles,

Lattice Paths
and

Reciprocity

Henri Mühle

Chapoton’s F-
and
H-Triangle

A Dyck Path
Perspective

F = H for
Posets

Schröder
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root poset: triangular poset with (n+1
2 ) elements

 Root(n)
enumerate antichains in Root(n)  Anti(n)
statistic min controls number of minimal elements
H-triangle: H̃n(x, y) def

= ∑
A∈Anti(n)

x|A|ymin(A)
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root poset: triangular poset with (n+1
2 ) elements

 Root(n)
enumerate antichains in Root(n)  Anti(n)
statistic min controls number of minimal elements
H-triangle: H̃n(x, y) def

= ∑
A∈Anti(n)

x|A|ymin(A)

(1 2) (2 3) (2 3)

(1 3) (2 4)

(1 4)

H̃3(x, y) = x3y3+3x2y2+2x2y
+x2+3xy+3x+1
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For n > 0,

F̃n(x, y) = xnH̃n

(
x + 1

x
,

y + 1
x + 1

)
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For m, n > 0,

F̃ (m)
n (x, y) = xnH̃(m)
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 analytic/inductive proof
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Dyck path: northeast path from (0, 0) to (n, n) weakly
above the diagonal  Dyck(n)
A ∈ Anti(n) corresponds to valleys of µ ∈ Dyck(n)
minimal elements contained in A correspond to returns

Corollary
For n ≥ 1,

H̃n(x, y) = ∑
µ∈Dyck(n)

xval(µ)yret(µ).
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let ν be any northeast path from (0, 0) to (m, n)
ν-Dyck path: northeast path from (0, 0) to (m, n)
weakly above ν  Dyck(ν)

define: Hν(x, y) def
= ∑

µ∈Dyck(ν)

xval(µ)yret(µ)
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degree: deg(ν) def
= max

{
val(µ) : µ ∈ Dyck(ν)

}
Fν(x, y) def

= xdeg(ν)Hν

(
x + 1

x
,

y + 1
x + 1

)
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ν-associahedron:

Asso(ν)
def
=
{
(µ, V) : µ ∈ Dyck(ν), V subset of valleys of µ

}
dim Asso(ν) = deg(ν), dim(µ, V) = |V|
partition V = V1 ]V2 into non-returns and returns

Theorem (C. Ceballos, A. Padrol & C. Sarmiento, 2019)
For any northeast path ν, Asso(ν) is a polytopal complex.
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Fν(x, y) def
= ∑

(µ,V)∈Asso(ν)
xcorel(µ,V)yrel(µ,V)

Hν(x, y) def
= ∑

µ∈Dyck(ν)

xval(µ)yret(µ)

Theorem (C. Ceballos & , 2021)
For any northeast path ν, we have

Fν(x, y) = xdeg(ν)Hν

(
x + 1

x
,

y + 1
x + 1

)
.
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4 Schröder Paths

11 / 22



Chapoton’s
Triangles,

Lattice Paths
and

Reciprocity

Henri Mühle

Chapoton’s F-
and
H-Triangle

A Dyck Path
Perspective

F = H for
Posets

Schröder
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Schröder
Paths

F = H for Posets

P = (P,≤); p ∈ P

deg(P) def
= max

{
out(p) : p ∈ P

}

13 / 22



Chapoton’s
Triangles,

Lattice Paths
and

Reciprocity

Henri Mühle

Chapoton’s F-
and
H-Triangle

A Dyck Path
Perspective

F = H for
Posets

Schröder
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Theorem (C. Ceballos & , 2021)
For every finite poset P and every 01-labeling λ,

FP,λ(x, y) = xdeg(P)HP,λ

(
x + 1

x
,

y + 1
x + 1

)
.

13 / 22



Chapoton’s
Triangles,

Lattice Paths
and

Reciprocity

Henri Mühle

Chapoton’s F-
and
H-Triangle

A Dyck Path
Perspective

F = H for
Posets

Schröder
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def
= EmtN(EmN)n−t−1  Dyck(m, n, t)

t = 1: m-Dyck paths

Proposition ( & E. Tzanaki, 2022)
For m, n, t > 0,

Hm,n,t(x, y) =
n−t

∑
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a

∑
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The coefficients are the (reverse) Fuß–Narayana numbers.
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Schröder
Paths

Back to the Cluster Complex
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m-valley: a valley whose x-coordinate is divisible by m
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every return is an m-valley

define: H(m)
m,n,t(x, y) def

= ∑
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ν-Schröder path: lattice path from (0, 0) to (m, n)
weakly above ν with possible diagonal steps

 Schröder(ν)
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Schröder
Paths
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ν-Schröder path: lattice path from (0, 0) to (m, n)
weakly above ν with possible diagonal steps

 Schröder(ν)
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Theorem (M. von Bell & M. Yip, 2020)

For any northeast path ν, the sets Asso(ν) and Schröder(ν) are in
bijection.
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Theorem (M. von Bell & M. Yip, 2020)

For any northeast path ν, the sets Asso(ν) and Schröder(ν) are in
bijection.

µ ∈ Dyck(ν)
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Theorem (M. von Bell & M. Yip, 2020)

For any northeast path ν, the sets Asso(ν) and Schröder(ν) are in
bijection.

(
µ, V1 ]V2

)
∈ Asso(ν)
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For any northeast path ν, the sets Asso(ν) and Schröder(ν) are in
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Schröder
Paths

ν-Schröder Paths

enumerate ν-Schröder paths with respect to diagonals
and cornered diagonals:

Sν(x, y) def
= ∑

S∈Schröder(ν)
xdg(S)ycd(S)
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enumerate ν-Schröder paths with respect to diagonals
and cornered diagonals:

Sν(x, y) def
= ∑

S∈Schröder(ν)
xdg(S)ycd(S)

Proposition ( & E. Tzanaki, 2022)
For any northeast path ν, we have

Sν(x, y) = Hν

(
x + 1,

xy + 1
x + 1

)
.
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Positive ν-Schröder Paths

positive ν-Schröder path: S ∈ Schröder(ν) with
ret(S) = 0

 Schröder+(ν)

Pν(x, y) def
= ∑

S∈Schröder+(ν)
xdg(S)ycd(S)
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positive ν-Schröder path: S ∈ Schröder(ν) with
ret(S) = 0

 Schröder+(ν)

Pν(x, y) def
= ∑
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Once again the Cluster Complex

Schröder(m)(m, n, t) .. νm,n,t-Schröder paths where all
diagonal steps end in x-coordinate divisible by m

P (m)
m,n,t(x, y) def

= ∑
S∈Schröder(m)

+ (m,n,t)

xdg(S)ycd(S)

Proposition ( & E. Tzanaki, 2022)
For m, n, t > 0, we have

P (m)
m,n,t(x, y) =

n−t

∑
a=0

a

∑
b=0

(
a + t

n
− a− b

n− b− 1

)

×
(

n− b− 1
a− b

)(
mn + n− t− a− 1

n− t− a

)
xayb.
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Once again the Cluster Complex

H(m)
m,n,t(x, y) = ∑

µ∈Dyck(m,n,t)
xmval(µ)yret(µ)

P (m)
m,n,t(x, y) def

= ∑
S∈Schröder(m)

+ (m,n,t)

xdg(S)ycd(S)

Corollary ( & E. Tzanaki, 2022)
For m, n > 0, we have

P (m)
m,n,1(x, y) = (−1)n−1H(m)

−m,n,1(−x, y).
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Schröder
Paths

Example: m = 2, n = 3, t = 1

x2y2 xy xy xy

1 1 x 1

xy 1 1 x
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P (2)
2,3,1(x, y) = x2y2+4xy+2x+7
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Proposition ( & E. Tzanaki, 2022)
For any northeast path ν, we have

Sν(x, y) = Hν

(
x + 1,

xy + 1
x + 1

)
.

Hν

(
x + 1,

xy + 1
x + 1

)
= ∑

µ∈Dyck(ν)

(x + 1)val(µ)−ret(µ)(xy + 1)ret(µ)

23 / 22



Chapoton’s
Triangles,

Lattice Paths
and

Reciprocity

Henri Mühle
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S∈Schröder(ν)

xdg(S)ycd(S)

23 / 22



Chapoton’s
Triangles,

Lattice Paths
and

Reciprocity

Henri Mühle
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S∈Schröder(ν)

xdg(S)ycd(S) = Sν(x, y)
23 / 22



Chapoton’s
Triangles,

Lattice Paths
and

Reciprocity

Henri Mühle

Positive ν-Schröder Paths

Proposition ( & E. Tzanaki, 2022)
For any northeast path ν, we have

Pν(x, y) = Hν

(
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xy
x + 1

)
.

Hν

(
x + 1,

xy
x + 1

)
= ∑

µ∈Dyck(ν)

(x + 1)val(µ)−ret(µ)(xy)ret(µ)
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