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triword: an integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
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The Hochschild Lattice

triword: an integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
ui = 0 implies uj 6= 1 for all j > i

(0, 0, 0), (0, 0, 2), (0, 2, 0), (0, 2, 2), (1, 0, 0), (1, 0, 2),
(1, 1, 0), (1, 1, 1), (1, 1, 2), (1, 2, 0), (1, 2, 1), (1, 2, 2)
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The Hochschild Lattice

triword: an integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
ui = 0 implies uj 6= 1 for all j > i

Lemma (C. Combe, 2020)

For n > 0, the cardinality of Tri(n) is 2n−2(n + 3).
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The Hochschild Lattice

triword: an integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
ui = 0 implies uj 6= 1 for all j > i

Lemma (C. Combe, 2020)

For n > 0, the cardinality of Tri(n) is 2n−2(n + 3).

1, 2, 5, 12, 28, 64, 144, 320, 704, . . . (A045623 in OEIS)
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triword: an integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
ui = 0 implies uj 6= 1 for all j > i

Hochschild lattice:
Hoch(n) def

=
(
Tri(n),≤comp

)

Lemma (C. Combe, 2020)

For n > 0, the cardinality of Tri(n) is 2n−2(n + 3).
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triword: an integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
ui = 0 implies uj 6= 1 for all j > i

Hochschild lattice:
Hoch(n) def

=
(
Tri(n),≤comp

)

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)
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The Hochschild Lattice

triword: an integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
ui = 0 implies uj 6= 1 for all j > i

Hochschild lattice:
Hoch(n) def

=
(
Tri(n),≤comp

)

Theorem (C. Combe, 2020)
For n > 0, Hoch(n) is a lattice.
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The Hochschild Lattice

L = (L,≤) .. lattice
semidistributive:

p∨ q = p∨ r implies (p∨ q) ∧ (p∨ r) = p∨ (q∧ r)
p∧ q = p∧ r implies (p∧ q) ∨ (p∧ r) = p∧ (q∨ r)
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p∧ q = p∧ r implies (p∧ q) ∨ (p∧ r) = p∧ (q∨ r)

canonical join representation: smallest representation
of p ∈ L as join  Can(p)
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The Hochschild Lattice

L = (L,≤) .. lattice
semidistributive:

p∨ q = p∨ r implies (p∨ q) ∧ (p∨ r) = p∨ (q∧ r)
p∧ q = p∧ r implies (p∧ q) ∨ (p∧ r) = p∧ (q∨ r)

canonical join representation: smallest representation
of p ∈ L as join  Can(p)

Theorem (C. Combe, 2020)
For n > 0, Hoch(n) is semidistributive.
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u = (u1, u2, . . . , un) ∈ Tri(n)
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The Hochschild Lattice

u = (u1, u2, . . . , un) ∈ Tri(n)
two statistics:

f0 : Tri(n)→ {1, 2, . . . , n+1}

u 7→
{

n + 1, if 0 /∈ u

min{i | ui = 0}, otherwise

l1 : Tri(n)→ {0, 1, . . . , n}

u 7→
{

0, if 1 /∈ u

max{i | ui = 1}, otherwise
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The Hochschild Lattice

u = (u1, u2, . . . , un) ∈ Tri(n)
two statistics:

f0 : Tri(n)→ {1, 2, . . . , n+1}

u 7→
{

n + 1, if 0 /∈ u

min{i | ui = 0}, otherwise

l1 : Tri(n)→ {0, 1, . . . , n}

u 7→
{

0, if 1 /∈ u

max{i | ui = 1}, otherwise

by definition, l1(u) < f0(u)
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The Hochschild Lattice

edge: (u, v) such that u < v without u < u′ < v
 E

(
Hoch(n)

)
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The Hochschild Lattice

edge: (u, v) such that u < v without u < u′ < v
 E

(
Hoch(n)

)
if (u, v) ∈ E

(
Hoch(n)

)
, then ui < vi for a unique i ∈ [n]

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)
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The Hochschild Lattice

Perspectivity Irreducibility

join-irreducible triwords:

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)
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The Hochschild Lattice

Perspectivity Irreducibility

join-irreducible triwords:

a(i)
def
= (1, 1, . . . , 1︸ ︷︷ ︸

i

, 0, 0, . . . , 0)

b(i)
def
= (0, 0, . . . , 0, 2

↑
i

, 0, . . . , 0)

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)
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(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)
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The Hochschild Lattice

Perspectivity Irreducibility

join-irreducible triwords:

a(i)
def
= (1, 1, . . . , 1︸ ︷︷ ︸

i

, 0, 0, . . . , 0)

b(i)
def
= (0, 0, . . . , 0, 2

↑
i

, 0, . . . , 0)

λ(u, v) def
=

{
a(i), if ui = 0 and vi = 1
b(i), if ui < 2 and vi = 2
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The Hochschild Lattice

Perspectivity Irreducibility

join-irreducible triwords:

a(i)
def
= (1, 1, . . . , 1︸ ︷︷ ︸

i

, 0, 0, . . . , 0)

b(i)
def
= (0, 0, . . . , 0, 2

↑
i

, 0, . . . , 0)

λ(u, v) def
=

{
a(i), if ui = 0 and vi = 1
b(i), if ui < 2 and vi = 2

Proposition ( , 2020)

For u ∈ Tri(n),
Can(u) =

{
λ(u′, u) | (u′, u) ∈ E

(
Hoch(n)

)}
.
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The Hochschild Lattice

Perspectivity Irreducibility

λ(u, v) def
=

{
a(i), if ui = 0 and vi = 1
b(i), if ui < 2 and vi = 2

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)

a(1)

b(2) b(3)

a(2)

b(3)

b(2) a(3)a(1)

b(3)

a(1)

b(2)

a(3) b(2) b(3)

a(2)

b(3) b(2) a(1)
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The Hochschild Lattice

λ(u, v) def
=

{
a(i), if ui = 0 and vi = 1
b(i), if ui < 2 and vi = 2

Proposition ( , 2020)

For u ∈ Tri(n), we have

Can(u) =
{
a(i) | i = l1(u) if l1(u) > 0

}
]
{
b(i) | ui = 2

}
.
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a = a1a2 · · · ar, b = b1b2 · · · bs

(word) shuffle: word using letters ai or bi whose
restriction to the ai’s and bi’s preserves order

 Shuf(r, s)
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a = a1a2 · · · ar, b = b1b2 · · · bs

(word) shuffle: word using letters ai or bi whose
restriction to the ai’s and bi’s preserves order

 Shuf(r, s)

a1a2b1b2b3 ∈ Shuf(2, 3)
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a = a1a2 · · · ar, b = b1b2 · · · bs

(word) shuffle: word using letters ai or bi whose
restriction to the ai’s and bi’s preserves order

 Shuf(r, s)

b2a1b1b3 /∈ Shuf(2, 3)

7 / 21
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u, v ∈ Shuf(r, s)

u ≤shuf v if v is obtained from u by deleting ai’s or
adding bi’s without changing order of letters
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u, v ∈ Shuf(r, s)

u ≤shuf v if v is obtained from u by deleting ai’s or
adding bi’s without changing order of letters

a1b1 6≤shuf a1b1a2
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Shuffle Lattices

u, v ∈ Shuf(r, s)

u ≤shuf v if v is obtained from u by deleting ai’s or
adding bi’s without changing order of letters

Shuf(2, 1)

23

2 231 123 3 213

12 ε 21 31 13

1

7 / 21
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Shuffle Lattices

u, v ∈ Shuf(r, s)

u ≤shuf v if v is obtained from u by deleting ai’s or
adding bi’s without changing order of letters

Theorem (C. Greene, 1988)

For r, s ≥ 0, the poset Shuf(r, s) def
=
(
Shuf(r, s),≤shuf

)
is a

supersolvable lattice.
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Shuffle Lattices

u, v ∈ Shuf(r, s)

u ≤shuf v if v is obtained from u by deleting ai’s or
adding bi’s without changing order of letters

Proposition (C. Greene, 1988)

For r, s ≥ 0, we have
∣∣Shuf(r, s)

∣∣ = 2r+s ∑
j≥0

(r
j)(

s
j)
( 1

4

)j.
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u ≤shuf v if v is obtained from u by deleting ai’s or
adding bi’s without changing order of letters

Proposition (C. Greene, 1988)

For r, s ≥ 0, we have
∣∣Shuf(r, s)

∣∣ = 2r+s ∑
j≥0

(r
j)(

s
j)
( 1

4

)j.

Corollary

For n > 0, we have
∣∣Shuf(n− 1, 1)

∣∣ = 2n−2(n + 3).
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u, v ∈ Shuf(r, s)

u ≤shuf v if v is obtained from u by deleting ai’s or
adding bi’s without changing order of letters

Proposition (C. Greene, 1988)

For r, s ≥ 0, we have
∣∣Shuf(r, s)

∣∣ = 2r+s ∑
j≥0

(r
j)(

s
j)
( 1

4

)j.

Corollary

For n > 0, we have
∣∣Shuf(n− 1, 1)

∣∣ = ∣∣Tri(n)∣∣.
a = 23 · · · n, b = 17 / 21
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τ(u) is the subword of a consisting of the positions of
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Proposition ( , 2020)
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=
(
L,≤clo

)
,
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a(i), if ui = 0 and vi = 1
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Proposition ( , 2020)
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}
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The core label set of u ∈ Tri(n) is
Ψ(u) =
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}
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}
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Theorem ( , 2020)
For n > 0, the map σ extends to an isomorphism from
CLO

(
Hoch(n)

)
to Shuf(n− 1, 1).
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(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)
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b(3)
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(0, 0, 2) (1, 1, 1) (1, 0, 0) (0, 2, 0) (1, 1, 0)

(1, 0, 2) (0, 2, 2) (1, 1, 2) (1, 2, 1) (1, 2, 0)
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Theorem ( , 2020)
For n > 0, the map σ extends to an isomorphism from
CLO

(
Hoch(n)

)
to Shuf(n− 1, 1).

(0, 0, 0)

(0, 0, 2) (1, 1, 1) (1, 0, 0) (0, 2, 0) (1, 1, 0)

(1, 0, 2) (0, 2, 2) (1, 1, 2) (1, 2, 1) (1, 2, 0)

(1, 2, 2)
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2 231 123 3 213

12 ε 21 31 13

1
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w ∈ Shuf(n− 1, 1)

a(w) denotes the number of ai’s contained in w

Proposition (C. Greene, 1988)

Let w ∈ Shuf(n− 1, 1). The rank of w in Shuf(n− 1, 1) is

n− 1− a(w) +

{
1, if w contains 1,
0, otherwise.
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Corollary ( , 2020)

Let u ∈ Tri(n). The rank of u in CLO
(
Hoch(n)

)
is

∣∣{i | ui = 2
}∣∣+{1, if l1(u) > 0,

0, otherwise.
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The number of u ∈ Tri(n) having rank i in CLO
(
Hoch(n)

)
is(

n− 1
i

)
+

(
n− 1
i− 1

)
+ (n− 1)

(
n− 2
i− 1

)
.
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The number of u ∈ Tri(n) having rank i in CLO
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Hoch(n)

)
is(

n− 1
i

)
+

(
n− 1
i− 1

)
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(
n− 2
i− 1

)
.

↑
l1(u) = 0

↑
l1(u) = 1

↑
l1(u) > 1
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u ∈ Tri(n)

|Can(u)| =
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Proposition ( , 2020)

The rank of u ∈ Tri(n) in CLO
(
Hoch(n)

)
equals |Can(u)|.
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(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)
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Refined Face Enumeration

HHoch(n)(x, y) def
= ∑

u∈Tri(n)
x|Can(u)|yneg(u)

n = 3

1

xy1

x xy1 xy1

x2y2 x x2y2

x2y1
x2y1

x2y2

x3y3

HHoch(3)(x, y) = x3y3+3x2y2

+2x2y+3xy+2x+1
17 / 21
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P = (P,≤) .. (finite) poset

Möbius function:

µP(p, q) def
=


1, if p = q
− ∑

p≤r<q
µP(p, r), if p < q

0, otherwise
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Möbius function:
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P = (P,≤) .. graded (finite) poset with bounds 0̂ and 1̂

(reverse) characteristic polynomial:

χP(x)
def
= ∑

p∈P
µP(0̂, p)xrk(p)
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(reverse) characteristic polynomial:

χP(x)
def
= ∑

p∈P
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Möbius Polynomials

P = (P,≤) .. graded (finite) poset with bounds 0̂ and 1̂

(reverse) characteristic polynomial:

χP(x)
def
= ∑

p∈P
µP(0̂, p)xrk(p)

M-triangle:

MP(x, y) def
= ∑

p,q∈P
µP(p, q)xrk(p)yrk(q)

Lemma
MP(x, y) = ∑

p∈P
(xy)rk(p)χ[p,1̂](y).

χP(x) = MP(0, x).
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The FHM-Correspondence for Hoch(n)

t
def
= (1, 2, 2, . . . , 2) .. top element of CLO

(
Hoch(n)

)
if |Can(u)| = i, then

[u, t]
CLO
(
Hoch(n)

) ∼= {CLO(Hoch(n− i)
)
, if l1(u) = 0

Bool(n− i), otherwise
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The FHM-Correspondence for Hoch(n)

t
def
= (1, 2, 2, . . . , 2) .. top element of CLO

(
Hoch(n)

)
if |Can(u)| = i, then

[u, t]
CLO
(
Hoch(n)

) ∼= {CLO(Hoch(n− i)
)
, if l1(u) = 0

Bool(n− i), otherwise

Proposition (C. Greene, 1988)
For n > 0, we have

χBool(n)(x) = (1− x)n,

χShuf(n−1,1)(x) = (1− x)n−1(1− nx).
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The FHM-Correspondence for Hoch(n)

t
def
= (1, 2, 2, . . . , 2) .. top element of CLO

(
Hoch(n)

)
if |Can(u)| = i, then

[u, t]
CLO
(
Hoch(n)

) ∼= {CLO(Hoch(n− i)
)
, if l1(u) = 0

Bool(n− i), otherwise

Proposition ( , 2020)
For n > 0, we have
M

CLO
(
Hoch(n)

)(x, y) = (xy−y+1)n−2

×
(
(n+1)

(
(x−1)y−xy2)+(n+x2)y2+1

)
.

19 / 21



Hochschild
and Shuffle

Henri Mühle

The
Hochschild
Lattice

Shuffle
Lattices

A Structural
Connection

An
Enumerative
Connection

The FHM-Correspondence for Hoch(n)

(0, 0, 0)

(0, 0, 2) (1, 1, 1) (1, 0, 0) (0, 2, 0) (1, 1, 0)

(1, 0, 2) (0, 2, 2) (1, 1, 2) (1, 2, 1) (1, 2, 0)

(1, 2, 2)

M
CLO

(
Hoch(3)

)(x, y) = x3y3−5x2y3+5x2y2+7xy3

−12xy2−3y3+5xy+7y2−5y+1
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The FHM-Correspondence for Hoch(n)

Theorem ( , 2020)
For n > 0, we have

M
CLO
(
Hoch(n)

)(x, y) = (xy− 1)nFHoch(n)

(
1− y
xy− 1

,
1

xy− 1

)
= (1− y)nHHoch(n)

(
y(x− 1)

1− y
,

x
x− 1

)
.
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The FHM-Correspondence for Hoch(n)

prototypical relation observed by F. Chapoton
(2004/2006) connecting Tamari lattices, noncrossing
partition lattices and cluster complexes

Theorem ( , 2020)
For n > 0, we have

M
CLO
(
Hoch(n)

)(x, y) = (xy− 1)nFHoch(n)

(
1− y
xy− 1

,
1

xy− 1

)
= (1− y)nHHoch(n)

(
y(x− 1)

1− y
,

x
x− 1

)
.
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Open Questions

Tamari

what is the relation between χ
CLO
(
Hoch(n)

)(x), f (x) and

h(x)?
what is the geometric nature of M

CLO
(
Hoch(n)

)(x, y)?

can we characterize lattices satisfying the
FHM-correspondence?
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Thank You.
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L CLO(L)

F(x, y) = (x + y + 1)3 + x2(x + 1)

H(x, y) = (xy + 1)3 + x

M(x, y) = (xy− y + 1)3 + (x− 1)y(y− 1)2

M̃(x, y) = (xy− y + 1)3 + (x− 1)y(y− 1)2
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L CLO(L)

F(x, y) = (x + y + 1)3 + x2(x + 1)

H(x, y) = (xy + 1)3 + x

M(x, y) = (xy− y + 1)3 + (x− 1)y(y2 − 1)

M̃(x, y) = (xy− y + 1)3 + (x− 1)y(y− 1)2
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L CLO(L)

F(x, y) = (x + y + 1)3 + x(x + 1)(2x + y + 1)

H(x, y) = (xy + 1)3 + x2y + 2x

M(x, y) = (xy− y + 1)3 − (x− 1)y(y− 1)(xy− y + 2)

M̃(x, y) = (xy− y + 1)3 − (x− 1)y(y− 1)(xy− 2y + 2)
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The Tamari Lattice

Questions

231-avoiding permutation: a permutation without
subwords standardizing to 231  Sn(231)

1234

2134

1324
3124

1423 1243 4123
3214

2143

1432 4213

4312 4132

4321

23 / 21



Hochschild
and Shuffle

Henri Mühle

The Tamari Lattice

Questions

231-avoiding permutation: a permutation without
subwords standardizing to 231  Sn(231)

Theorem (A. Björner & M. Wachs, 1997)

For n > 0, the weak order on Sn(231) realizes the Tamari lattice
of order n− 1.
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Lemma (D. Knuth, 1968)

For n > 0, the cardinality of Sn(231) is 1
n+1 (

2n
n ).
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Questions

231-avoiding permutation: a permutation without
subwords standardizing to 231  Sn(231)

Lemma (D. Knuth, 1968)

For n > 0, the cardinality of Sn(231) is 1
n+1 (

2n
n ).

1, 2, 5, 14, 42, 132, 429, 1430, 4862, . . . (A000108 in OEIS)
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Questions

231-avoiding permutation: a permutation without
subwords standardizing to 231  Sn(231)

Theorem (A. Urquhart, 1978)

For n > 0, the Tamari lattice Tam(n) is semidistributive.
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Questions

w = w1w2 · · ·wn ∈ Sn(231)
nc(w) is the noncrossing partition whose bumps are the
descents of w
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Questions

w = w1w2 · · ·wn ∈ Sn(231)
nc(w) is the noncrossing partition whose bumps are the
descents of w

Proposition (P. Biane, 1997)

For n > 0, the map nc : Sn(231)→ Nonc(n) is a bijection.

24 / 21



Hochschild
and Shuffle

Henri Mühle

A Bijection

Questions

w = w1w2 · · ·wn ∈ Sn(231)
nc(w) is the noncrossing partition whose bumps are the
descents of w

Theorem (N. Reading, 2011)
For n > 0, the map nc extends to an isomorphism from
CLO

(
Tam(n)

)
to Nonc(n).
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A Bijection

Questions

w = w1w2 · · ·wn ∈ Sn(231)
nc(w) is the noncrossing partition whose bumps are the
descents of w

1234

3124 1423 4123 1243 1324 2134

4132 1432 3214 4312 4213 2143

4321
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Questions

f (x) = 14 + 21x + 9x2 + x3
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Facial Intervals in Tam(n)

Questions

Proposition (C. Lee, 1989)
For n > 0 and 0 ≤ i ≤ n, we have

fi =
1

n + 1− i

(
n
i

)(
2n + 2− i

n− i

)
.
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Facial Intervals in Tam(n)

Questions

Corollary
For n > 0, we have

f (x) =
n

∑
i=0

1
n + 1− i

(
n
i

)(
2n + 2− i

n− i

)
xi,

h(x) =
n

∑
i=0

1
i + 1

(
n
i

)(
n + 1

i

)
xi.
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Hochschild

L .. (finite) lattice
edge: (p, q) such that p < q and no p < r < q  E(L)
perspective: (p, q) [ (p′, q′) such that q∧ p′ = p and
q∨ p′ = q′ (or q′ ∧ p = p′ and q′ ∨ p = q)
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Hochschild

L .. (finite) lattice
join irreducible: j = p∨ q implies j ∈ {p, q}  J (L)
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L .. (finite) lattice
join irreducible: j = p∨ q implies j ∈ {p, q}  J (L)
 there exists a unique edge (j∗, j)
edge determined: for all (p, q) ∈ E(L) exists a unique
j ∈ J (L) such that (p, q) [ (j∗, j)
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 there exists a unique edge (j∗, j)
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Irreducibility

Hochschild

L .. (finite) lattice
join irreducible: j = p∨ q implies j ∈ {p, q}  J (L)
 there exists a unique edge (j∗, j)
edge determined: for all (p, q) ∈ E(L) exists a unique
j ∈ J (L) such that (p, q) [ (j∗, j)

Proposition
Every semidistributive lattice is edge determined.
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Irreducibility

Hochschild

L .. (finite) lattice
join irreducible: j = p∨ q implies j ∈ {p, q}  J (L)
 there exists a unique edge (j∗, j)
edge determined: for all (p, q) ∈ E(L) exists a unique
j ∈ J (L) such that (p, q) [ (j∗, j)
perspectivity labeling: λ : E(L)→ J (L), (p, q) 7→ j
such that (p, q) [ (j∗, j)
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λ(p, q) = min{r | p∨ r = q}
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Hochschild

L .. (finite) lattice
if L is semidistributive, then

λ(p, q) = min{r | p∨ r = q}

Proposition (E. Barnard, 2019)
If L is semidistributive, then

Can(p) =
{

λ(p′, p) | (p′, p) ∈ E(L)
}

.
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Proposition (E. Barnard, 2019)
If L is semidistributive, then

Can(p) =
{

λ(p′, p) | (p′, p) ∈ E(L)
}
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