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o triword: an integer tuple (uy, uy, ..., u,) such that
o u; €{0,1,2} ~> Tri(n)
@ U # 2
o u; = 0implies u; # 1 foralli > j

Theorem (C. Combe, 2020)

For n > 0, the componentwise order on Tri(n) realizes the
Hochschild lattice of order n.
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o triword: an integer tuple (uy, uy, ..., u,) such that
o u; €{0,1,2} ~> Tri(n)
@ U # 2
o u; = 0implies u; # 1 foralli > j

Lemma (C. Combe, 2020)
For n > 0, the cardinality of Tri(n) is 2"~2(n + 3).

1,2,5,12,28,64,144,320,704, . .. (A045623 in OEIS)
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o L=(L<). lattice
¢ semidistributive:
eaVb=aVc implies (aVb)A(@aVc)=aV (bAc)
eaAb=aAc implies (aAb)V(aAc)=aA(bVc)

@ canonical join representation: smallest representation

of a € L asjoin ~~ Can(a)

Theorem (C. Combe, 2020)
Forn > 0, the Hochschild lattice Hoch(n) is semidistributive.
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o u= (uyup,..
@ two statistics:

. Uy) € Tri(n)

fo: Tri(n) — {1,2,...,n+1}

- n—+1,
min{i | u; = 0},

ly: Tri(n) — {0,1,...,n}

0,
—
! {max{i | u; =1},
@ by definition, I3 (u) < fo(u)

if0O&u
otherwise

ifl&u
otherwise



@ edge: (u,0) such that u < v withoutu <u’ <o
~~ &(Hoch(n))



@ edge: (u,0) such that u < v withoutu <u’ <o
~~ &(Hoch(n))

@ if (u,v) € £(Hoch(n)), then u; < v; for a unique i € [n]
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@ join-irreducible triwords:
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a® % 11,...,1,00,...,0)

.wnz(aqnqa%a“”m

i
, ifu;=0andv; =1
, ifu;<2andv; =2

def a®
o Alu,v) = b(l)






o Au U)déf a(li), ifuy=0and v; =1
’ 6@, ifu; <2andv; =2

Proposition (2%, 2020)

Foru € Tri(n), we have

Can(u) = {a(i) |i=1hL(u)iflh(u) > 0} ] {b(i) | u; = 2}.
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o Pre(a) & {a €L | (d,a) € (L)}

@ nucleus: a; L A Pre(a)

<—a=a¢



o L= (L, <) .. (finite) lattice,a € L

o Pre(a) & {a €L | (d,a) € (L)}

@ nucleus: a; L A Pre(a)

@ core: interval [a),a] in L
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@ core: interval [a|,a] in L

@ core label set: ¥ (a) &ef {/\(a’, V)la <a <V < a}
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o L = (L, <) .. (finite) lattice,a € L, A .. edge labeling

@ core: interval [a|,a] in L

@ core label set: ¥ (a) &ef {/\(u’, V)la <a <V < a}
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1
N
N

4
1\/2)

AN



o L = (L, <) .. (finite) lattice,a € L, A .. edge labeling

@ core: interval [a|,a] in L

@ core label set: ¥ (a) &ef {/\(u’, V)la <a <V < a}



o L = (L, <) .. (finite) lattice,a € L, A .. edge labeling

@ core: interval [a|,a] in L

@ core label set: ¥ (a) &ef {/\(u’, V)la <a <V < a}

o core labeling: assignment a — ¥ (a) is injective
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o L = (L, <) .. (finite) lattice,a € L, A .. edge labeling

@ core: interval [a|,a] in L
@ core label set: ¥ (a) &ef {/\(u’, V)la <a <V < a}

o core labeling: assignment a — ¥ (a) is injective

AN
< + > not a core labeling
%



o L = (L, <) .. (finite) lattice,a € L, A .. edge labeling

@ core: interval [a|,a] in L
@ core label set: ¥ (a) &ef {/\(u’, V)la <a <V < a}

o core labeling: assignment a — ¥ (a) is injective

Proposition (2%, 2020)
The labeling A is a core labeling of Hoch(n).




o L = (L, <) .. (finite) lattice, A .. edge labeling

o core label order: CLO(L) & (L,C),

where a C b if and only if ¥ (a) C ¥ (b)

5/.\1
A
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3 4 /N 7NN
A By @ 8@
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Proposition (2%, 2020)
The core label set of u € Tri(n) is
F(w) = {a® |0 < h(w) <i < folw) }w{6® |u =2},




Proposition (2%, 2020)
The core label set of u € Tri(n) is

fo(u)} " {b(i) | u; = 2}.

<i<

{a@ 10 < I (u)

Y(u)




Proposition (2%, 2020)
The core label set of u € Tri(n) is

F(w) = {a® |0 < h(w) <i < folw) }w{6® |u =2},
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@ (word) shuffle: word using letters a; or b; whose
restriction to the 4;’s and b;’s preserves order
~+ Shuf(r,s)
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@a—=may---a,b=>byby---bs

@ (word) shuffle: word using letters a; or b; whose
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a1b1bybs € Shuf(Z, 3)
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@ (word) shuffle: word using letters a; or b; whose
restriction to the 4;’s and b;’s preserves order
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bia1bybs € Shuf(Z, 3)
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@ (word) shuffle: word using letters a; or b; whose
restriction to the 4;’s and b;’s preserves order
~+ Shuf(r,s)

blalbzag ¢ Shuf(2, 3)



@a—=may---a,b=>byby---bs

@ (word) shuffle: word using letters a; or b; whose
restriction to the 4;’s and b;’s preserves order
~+ Shuf(r,s)

b2a1b1b3 ¢ Shuf(2,3)
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bi’s without changing order of letters
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@ u,v € Shuf(r,s)

@ u <X vif vis obtained from u by deleting a;’s or adding
bi’s without changing order of letters
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@ u,v € Shuf(r,s)

@ u <X vif vis obtained from u by deleting a;’s or adding
bi’s without changing order of letters

abiay A biag



@ u,v € Shuf(r,s)

@ u <X vif vis obtained from u by deleting a;’s or adding
bi’s without changing order of letters

Theorem (C. Greene, 1988)

Forr,s > 0, the poset Shuf(r,s) < (Shuf(r,s), =) is a lattice.




@ u,v € Shuf(r,s)

@ u <X vif vis obtained from u by deleting a;’s or adding
bi’s without changing order of letters

Proposition (C. Greene, 1988)

For 1,5 > 0, we have |Shuf(r,s)| = 2"** T (1) () (%)j.
j20




@ u,v € Shuf(r,s)

@ u <X vif vis obtained from u by deleting a;’s or adding
bi’s without changing order of letters

For n > 0, we have |Shuf(n —1,1)| = 2""2(n +3).




@ u,v € Shuf(r,s)

@ u <X vif vis obtained from u by deleting a;’s or adding
bi’s without changing order of letters

For n > 0, we have |Shuf(n —1,1)| = 2""2(n +3).

a=23---n,b=1



@ u,v € Shuf(r,s)

@ u <X vif vis obtained from u by deleting a;’s or adding
bi’s without changing order of letters
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@ u= (uy,uy,... u,) €Tri(n),a=23---n




@ u= (uy,uy,..., Uy € Tri(n),ad§f 23---m
@ T(u) is the subword of a consisting of the positions of
the non-2 entries of u
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@ u= (uy,uy,..., Uy € Tri(n),ad§f 23---m
@ T(u) is the subword of a consisting of the positions of
the non-2 entries of u

u=(1,1,1,2,2,2,1,0,0,2) € Tri(10)



@ u= (uy,uy,..., Uy € Tri(n),ad§f 23---m
@ T(u) is the subword of a consisting of the positions of
the non-2 entries of u

u=(1,1,1,2,2,2,1,0,0,2) € Tri(10)

7(u) = 23789



@ letw = wiw; - - - wy be a subword of a



@ letw = wiw; - - - wy be a subword of a

def | W, ifi=0
o w1 = o .
wiwy - willwj g -wy, ifi>0,w; =i



@ letw = wiw; - - - wy be a subword of a
def | W, ifi=0

o wu;ll = . .

wiwy - willwj g -wy, ifi>0,w; =i

w = 23789



@ letw = wiw; - - - wy be a subword of a
def | W, ifi=0

o wu;ll = . .

wiwy - willwj g -wy, ifi>0,w; =i

w = 23789
w Ly 1 = 23789



@ letw = wiw; - - - wy be a subword of a
def | W, ifi=0

o wu;ll = . .

wiwy - willwj g -wy, ifi>0,w; =i

w = 23789
w1 = 123789



@ letw = wiw; - - - wy be a subword of a
def | W, ifi=0

o wu;ll = . .

wiwy - willwj g -wy, ifi>0,w; =i

w = 23789
w Ly 1T = 237189






,Uy) € Tri(n)

o o(u) & r(u) w1

o u= (uy,uy,...



,Uy) € Tri(n)

o o(u) & r(u) w1

o u= (uy,uy,...

u=(1,1,1,2,2,2,1,0,0,2) € Tri(10)



,Uy) € Tri(n)

o o(u) & r(u) w1

o u= (uy,uy,...

u=(1,1,1,2,2,2,1,0,0,2) € Tri(10)



,Uy) € Tri(n)

o o(u) & r(u) w1

o u= (uy,uy,...

w=(1,1,1,2,2,2,1,0,0,2) € Tri(10); I (u) = 7



,Uy) € Tri(n)

o o(u) & r(u) w1

o u= (uy,uy,...

w=(1,1,1,2,2,2,1,0,0,2) € Tri(10); I (u) = 7

o(u) = T(u) Wy 1 = 237189



,Uy) € Tri(n)

o o(u) & r(u) w1

Qo U= (Ml,uz,...

Proposition (2%, 2020)
Forn > 0, the map o: Tri(n) — Shuf(n — 1,1) is a bijection.




,Uy) € Tri(n)

o o(u) & r(u) w1

Qo U= (Ml,uz,...

Theorem (¢, 2020)

Forn > 0, the map o extends to an isomorphism from
CLO(Hoch(n)) to Shuf(n—1,1).




Uy) € Tri(n)

o o(u) & r(u) w1

NG AN

(1,
(1,0,2) (0,2,2) (1,1,2) (1,2,1) (1,2,0)

BIH

(0,0,2) (1,1,1) (1,0,0) (0,2,0) (1,1,0) 2

\\

o u=(uy,uy,...,

2,




o w e Shuf(n—1,1)

@ a(w) denotes the number of 4;’s contained in w



o w e Shuf(n—1,1)

@ a(w) denotes the number of 4;’s contained in w

Proposition (C. Greene, 1988)
Let w € Shuf(n — 1,1). The rank of w in Shuf(n —1,1) is

1, if w contains 1,

n—1—a(w)—|—{

0, otherwise.




Corollary (%, 2020)
Let u € Tri(n). The rank of u in CLO (Hoch(n)) is

1, ifh(u) >0,

‘ﬁ|m:2H+{Q

otherwise.




Corollary (%, 2020)
The number of u € Tri(n) having rank i in CLO (Hoch(n)) is

() (im)ren()




Corollary (%, 2020)
The number of u € Tri(n) having rank i in CLO (Hoch(n)) is

() (im)ren()

T t
I (u) =0 ll(u) =1 ll(u) >1







@ uc Tri(n)

o in(u) & |{w € Tri(n) | (,u) € £ (Hoch(n)) }|



@ uc Tri(n)

@ in(u) = |[Can(u)]



Proposition (2%, 2020)
The rank of u € Tri(n) in CLO(Hoch(n)) equals in(u).




@ The th-Correspondence












o Pre(u) = { € Tri(n) | (W, u) € £(Hoch(n))}

—u

<—u¢



o Pre(u) = { € Tri(n) | (W, u) € £(Hoch(n))}

—u

—up =uA\Pre(u)



o Pre(u) = {u € Tri(n) | (,u) € €(Hoch(n))}

—u

“—u, =uAA\Pre(u)



@ Pre(u) = {u € Tri(n) | (v, u) € £(Hoch(n))}
@ P C Pre(u): upp Lun A [ € P}

o (u,P) % [uyp,u]

—u

“—u, =uAA\Pre(u)



@ Pre(u) = {u € Tri(n) | (v, u) € £(Hoch(n))}
@ P C Pre(u): upp Lun A [ € P}

o (u,P) % [uyp,u]

—u

S Ujfeel



o Pre(u) = {u € Tri(n) | (v/,u) € £(Hoch(n))}
@ P C Pre(u): upp =BT A [ € P}

o (u,P) % [uyp,u]




o Pre(u) = {v € Tn(n) | (W, u) € £(Hoch(n))}
e PC Pre( )i ugp & u/\/\{u’\u’EP}

o (u,P) % [uyp,u]

—u

U fe}



o Prea) = {u' € T(n) | (') € € (Hoch() )
e PC Pre( )i ugp & u/\/\{u’ |u e P}

o (u,P) = [up,u

<—u:u¢@



o CP(Hoch(n)) & {(u,P) | w e Tri(n),P C Pre(u)}



o CP(Hoch(n)) & {(u,P) | w e Tri(n),P C Pre(u)}

o dim(u, P) & |P|



o CP(Hoch(n)) & {(u,P) | w e Tri(n),P C Pre(u)}
d

o dim(u, P) & |P|

Observation

The cell complex CP(Hoch(n)) is combinatorially isomorphic to
Free(n).




o CP(Hoch(n)) & {(u,P) | w e Tri(n),P C Pre(u)}

o dim(u, P) & |P|

o fi = |{(wP) | IP| =i}




@ CP(Hoch(n)) def {(u,P) | ue Tri(n),P C Pre(u)}
o dim(u, P) & |P|

o i |{(wP)| P =1}
o f(x) % ¥ L fir




@ CP(Hoch(n)) def {(u,P) | ue Tri(n),P C Pre(u)}
o dim(u, P) & |P|

o i |{(wP)| P =1}
o f(x) % ¥ L fir




@ CP(Hoch(n)) def {(u,P) | ue Tri(n),P C Pre(u)}
o dim(u, P) & |P|

o i |{(wP)| P =1}
o f(x) % ¥ L fir

f(x) =12 4 18x + 8x% + 1°



oCHHmM@)g{@IHuGTMMIQPm@ﬁ

o dim(u, P) & |P|
o fi = |{(wP) | IP| =i}
o f(x) ¥ ¥ L fir

Observatlon
f(x) is the f-polynomial of the boundary of the dual of Free(n).




o CP(Hoch(n)) & {(u,P) | w e Tri(n),P C Pre(u)}
o dim(u, P) & |P|
o fi = |{(wP) | IP| =i}

of(ﬁ“zﬁ

Observatlon
f(x) is the f-polynomial of the boundary of the dual of Free(n).

(u, P) with |P| = i corresponds to an (n — 1 — i)-face of
OFree(n)dual,



@ CP(Hoch(n)) def

) def

°fi =

{(u,P) | w e Tri(n),P C Pre(u)}

{(@P)||P| =}

Proposition (3%, 2020)
Forn > 0and 0 < i < n, we have

fi= (’:) n—i—2(n+3) —i(i—1)

n




o CP(Hoch(n)) & {(u,P) | w e Tri(n),P C Pre(u)}

def

o f(x) % ¥
i=0

Corollary (¥, 2020)

Forn > 0, we have
f(x) = (@ +2)" 2 (P + (n+3)x+n+3),

h(x) = (x+1)"2 (x2 +(n+1)x+ 1).




@ to prove the proposition, we observe:



@ to prove the proposition, we observe:

fx) = Zof



@ to prove the proposition, we observe:

fx) = Zof
— ;) Z X

(u,P): |P|=i



@ to prove the proposition, we observe:

fx) = Zof



to prove the proposition, we observe:

f(x)zgfixf
:; Yoo

i=0 (u,P): |P|=i

D M

u€Tri(n) PCPre(u)

Z (x+ 1)|Pre(u)|

u€Tri(n)



to prove the proposition, we observe:

x) = ifixi
S

0 (wP): |P|=i

-y Z P

uETﬁ()PCPm()

Z (x+1) '"

u€Tri(n)



@ to prove the proposition, we observe:

fo) = ¥ (e

ueTri(n)

h(x) = f(x=1)



@ to prove the proposition we observe:

= Y (x+1) yin(

ueTri(n)

Yyoo«n

u€Tri(n)



@ to prove the proposition we observe:

= Y (x+1) yin(

ueTri(n)

Yyoo«n

u€Tri(n)

Corollary (%, 2020)
The number of u € Tri(n) with in(u) = iis

() 6o)se-0()




@ to prove the proposition, we observe:

Py =27 (1)

= ) A"

u€eTri(n)



e to prove the proposition we observe:
Z P in( x+1)|n( u)

u€Tri(n)

= ) X"

ueTri(n)



e to prove the proposition we observe:
Z P in( x+1)|n( u)

u€Tri(n)

Yooxn

u€Tri(n)



Forn > 0, we have

e to prove the proposition we observe:

Z P in( x+1)|n()

u€Tri(n)

rx) =Y«

u€Tri(n)

Corollary (%, 2020)

=2 +1)"2((1+3)( +x) +1),

=x"(x+1)"2 <x2 +(n+1)x+ 1).




orient
H

Hoch(3

g%Shuf21

c(x) = (2x+1)42((d+3) (x> +x)+1)
r(x) = (x4+1)4~ 2(x +(d+1)x+1)

[y

c(x) = xr (2£1)

face numbers:

w f1—1

fo=12
=18
f2=38

gl face numbers:

faa=1
g 1
£ =18
=12

fx) = (2x+1)472((d+3) (x>+x)+1)

h(x) = (x4+1)92(x2+(d+1)x+1)

Fla) =« (53



The FHM-Correspondence






x—in(u) (x + 1)in(u)



o c(x) _ n—in(u
ue%(ﬂ) X ( )(x + 1)in(u)

n=3
(x+1)3
. x(x+1)?
x(x+1)?
¥2(x+1)
x?(x+1)



o c(x) _ n—in(u
ue%(ﬂ) X ( )(x + 1)in(u)

n=2>3
(x+1)3

. x(x+1)?
x(x+1)?

x?(x+1)

c(x) = (2x+1)(6x> +6x +1)















def

© Froen(n (5) & X 270 1)1 (y-41)

u€Tri(n)



def
° FHoch(n) (x/y) =

Y xn—in(u) (x+1)in(u)—in(11) (y+1)in(11)

u€Tri(n)




def

) FHoch(n) (x’y) - Y xn—in(u) (x+1)in(u)—in(11) (y+1)in(11)

ueTri(n)
n=3 (y+1)
x(y+1)?
x(y+1)2 )2
x?(x+1) x2(y+1)
2(y+1)

FHoch(S) (xry) - (x+y+1)
x (3x342xy+4x+(y+1)?)






def

e HHoch(n) (xr y) = Y xin(u)yi”(u)

u€eTri(n)



def
° HHoch(n) (x/y) -

y xin(u)yin(u)

u€Tri(n)




def in(u),,in(u
° HHoch(n)(x/y) - Z x' ( )y )

u€Tri(n)

HHoch(B) (x, ]/) - (xy+1)
x (xy?+2xy+2x+1)







o recall:
e in(u) = |Can(u)|
e Can(u) consists of join-irreducible triwords



o recall:
e in(u) = |Can(u)|
e Can(u) consists of join-irreducible triwords
@ we want a distinguished subset of join-irreducible
triwords to realize in(1) canonically



o L= (L, <) . (finite) lattice; 0 .. least element
@ atom: a € L such that (0,a) € (L) ~ A(L)



o L= (L, <) . (finite) lattice; 0 .. least element
@ atom: a € L such that (0,a) € (L) ~ A(L)

Proposition (¥, 2020)

For n > 0, we have A(Hoch(n)) = {a®),6®2), ... 1.




@ pos(u) |Can \A(HOCh(”)H
@ neg(u) = ‘Can(u N A(Hoch(n))|



@ pos(u |Can )\ A(Hoch(n))|

@ neg(u) ‘Can(u NA(Hoch(n))|
@ in(u) = pos(u) + neg(u)



o pos(u) = [Can(u) \ A(Hoch(n))|

@ neg(u) ‘Can(u NA(Hoch(n))|
@ in(u) = pos(u) + neg(u)

® Frioenon (v y) & L w0 (x4 1)pose) (y4-1)neE ()
ueTri(n)



o pos(u) & |Can(u) \ A(Hoch(n))|

@ neg(u) ‘Can(u NA(Hoch(n))|
@ in(u) = pos(u) + neg(u)

° FHoch(n) (x’y) déf y K—in(u) (x+1)pos(u) (y+1)neg(xl)
u€eTri(n)

Proposition (¥, 2020)
Forn > 0, we have
Froch(n) (%, y) = (x+y+1)" 2 (n2® +2xy+ (n+1)x+(y+1)?).




o pos(u) = |Can(u) \ A(Hoch(n))|

@ neg(u) ‘Can(u NA(Hoch(n))|
@ in(u) = pos(u) + neg(u)

ef .
e HHoch(n) (x/ y) d: Z xl"(u)yneg(u)
u€eTri(n)



o pos(u) & |Can(u) \ A(Hoch(n))|

@ neg(u) ‘Can(u NA(Hoch(n))|
@ in(u) = pos(u) + neg(u)

def in neg(u
° HHoch(n) (x/y) = L X (u)y B(v)
u€Tri(n)

Proposition (¥, 2020)
Forn > 0, we have
Hyoch(n) (4, ) = (xy+1)" 2 (x*y*4+2xy+(n—1)x+1).




Forn > 0, we have

x+1 y+1
FHoch(n) (x,y) - anHOCh(”) ( x Z + 1) ’




Forn > 0, we have

x+1 y+1
FHoch(n) (x,y) - anHOCh(”) ( x Z + 1) ’

@ compute explicitly



Forn > 0, we have

x+1 y+1
FHoch(n) (x,y) - anHOCh(”) ( x Z + 1) ’

@ compute abstractly:



Forn > 0, we have

x+1 y+1
FHoch(n) (x,y) - anHOCh(”) ( x Z + 1) ’

@ compute abstractly:

¥'H. ﬂ ]il o Z ﬂ in(u) ]/+1 neg(u)
Hoch(n) x ’x—|—1 W) x x+1



Forn > 0, we have

x+1 y+1
FHoch(n) (x,y) - anHOCh(”) ( x Z + 1) ’

@ compute abstractly:

¥'H. ﬂ ]il o Z ﬂ in(u) ]/+1 neg(u)
Hoehl) \ "y " x41 ueTri() x X1

_ Z P in( x+1)pos( )(y+1)neg(u)
u€Tri(n)



Forn > 0, we have

x+1 y+1
FHoch(n) (x,y) - anHOCh(”) ( x Z + 1) ’

@ compute abstractly:

¥'H. ﬂ ]il o Z ﬂ in(u) ]/+1 neg(u)
Hoehl) \ "y " x41 ueTri() x X1

_ Z P in( x+1)pos( )(y+1)neg(u)
u€Tri(n)

- FHoch(n) (x/ y)



@ more explicitly:



@ more explicitly:

FHoch Z X in( x+1)pos (y+1)neg(11)
ueTri(n)



@ more explicitly:

FHoch Z X in( x+1)pos (y+1)neg(11)
ueTri(n)

os(u) neg(u)
2 in(u) pz (pos(u )xk N (”eg u )

ueTri(n) k=0 1=0



more explicitly:

FHoch Z x1—in( x+1)pos (y_i_l)neg(u)
ueTri(n)
— Y i pci(”) (pos(u)>xk gz” (neg(u))yl
u€Tri(n) k=0 k -0 1

_ Z xn—|P|—nég(u,P)ynég(u,P)
(u,P)eCP(Hoch(n))



@ more explicitly:

FHoch Z P in( x+1)pos (y+1)neg u)
ueTri(n)
_ E in(u) pci(:u) (Pos(u)>xk negz(il) (neg(u))yz
u€eTri(n) k=0 k 1=0 !
_ Z xn—|P|—nég(u,P)ynég(u,P)
(u,P)eCP(Hoch(n))
where

nég(u, P) = neg u)—[{A(W,u) [ € P} N A(Hoch(n))|



more explicitly:

FHoch Z P in( x+1)pos (y+1)neg u)
ueTri(n)
_ E in(u) pci(:u) (Pos(u)>xk negz(il) (neg(u))yz
u€eTri(n) k=0 k 1=0 !
_ Z xn—|P|—nég(u,P)ynég(u,P)
(u,P)eCP(Hoch(n))
where

nég(u, P) = neg u)—[{A(W,u) [ € P} N A(Hoch(n))|



Forn > 0, we have

B x+1 y+1
FHoch(n) (x,y) =X HHOCh(”) ( x ’Z_|_ 1) ’

F. Chapoton has conjectured the analogous relation for Tam(n) in
the early 2000s. This was proven by M. Thiel in 2014 using
generating functions.




Forn > 0, we have

x+1 y+1
"x+1)°

FHoch(n) (x, ]/) - anHoch(n) (

F. Chapoton has conjectured the analogous relation for Tam(n) in
the early 2000s. This was proven by M. Thiel in 2014 using
generating functions.

Chapoton also introduced a polynomial M(x,y), defined on
Nonc(n), which could be obtained by variable substitutions from
For H.




o P= (P, <).. (finite) poset



o P= (P, <).. (finite) poset
@ Mobius function:

1, ifa=">

up(a,b) df ) — Y wup(ac), ifa<b

a<c<b
0, otherwise



@ P = (P,<) .. graded (finite) poset with bounds 0 and 1

@ (reverse) characteristic polynomial:

xp(¥) €Y pp(0,a)x™@

aeP



@ P = (P,<) .. graded (finite) poset with bounds 0 and 1

@ (reverse) characteristic polynomial:

xp(¥) €Y pp(0,a)x™@

acP
@ M-triangle:
Me(x,y) = 3 pe(a,b)x™@y®

abeP



@ P = (P,<) .. graded (finite) poset with bounds 0 and 1

@ (reverse) characteristic polynomial:

xp(¥) €Y pp(0,a)x™@

aeP

@ M-triangle:
Me(x,y) = 3 pe(a,b)x™@y®

abeP




o formerly conjectured by F. Chapoton (2004)

Theorem (C. Athanasiadis, 2007)

Forn > 0, we have

. 1-y 1
MNonc(n) (X,y) - (xy - 1) PTam(n) ( y )

xy—1"xy—1




o formerly conjectured by F. Chapoton (2004)

Theorem (C. Athanasiadis, 2007)

Forn > 0, we have

n 1= y 1
MCLO(Tam(n)) (x’y) = (Xy - 1) PTam(n) ( ) 5

xy—1"xy—1




o M(x,y) = (xy = 1) "Frocn(n) (54 51



o M(x,y) “ (xy ~ 1)"Futaen(n) (55 51

Corollary (%, 2020)
For n > 0, we have
M(x,y) = (xy—y+1)""
x ((n+1) (= 1)y—2) +(n+2)7+1).




o t%f (1,2,2,...,2) .. top element of CLO(Hoch(n))

@ if in(u) = i, then

4 ., ] CLO(Hoch(n —1i)), ifl(u) =0
u, cLo (Hoch(n)) — Bool(n — i), otherwise



o t%f (1,2,2,...,2) .. top element of CLO(Hoch(n))

@ if in(u) = i, then

0, ., ] CLO(Hoch(n —1i)), ifl(u) =0
! CLO(HOC"(”)) N Bool(n — i), otherwise

Proposition (C. Greene, 1988)
For n > 0, we have
XBool(n)(X) = (1 —x)",
Xshuf(n-1,1)(X) = (1 —x)" 7' (1 — nx).




Proposition (2%, 2020)
For n > 0, we have
MCLo(Hoch(n)) (x,y) = M(x,vy).




Theorem (%, 2020)

For n > 0, we have
M — 1)"F 1=y 1
CLO (Hoch(n)) (x' ]/) o (xy B ) Hoch(r) Xy — 1’ Xy — 1

7 yx—1) «x
:(1_y) HHoch(n)( 1_]/ /x_l).




@ what is the relation between Y L 0(
r(x)?

o what is the geometric nature of M, (Hoch(n) (x,y)?

) (x), c(x) and

Hoch(n)

@ can we characterize lattices satisfying the
FHM-correspondence?



Thank You.



Flx,y) = (x+y+1)3 +x%(x+1)

H(x,y) = (xy +1)3 +x




Flx,y) = (x+y+1)3 +x%(x+1)

H(x,y) = (xy +1)3 +x




Flx,y) = (x+y+ 1) +x(x+1)(2x+y +1)

H(x,y) = (xy +1)° + 2%y +2x




@ 231-avoiding permutation: a permutation without

subwords standardizing to 231 ~ G,(231)
31
312 4132

143 213
‘ 218
14‘2 1243/ \ /123



@ 231-avoiding permutation: a permutation without
subwords standardizing to 231 ~ G,(231)

Theorem (A. Bjorner & M. Wachs, 1997)

For n > 0, the weak order on &,,(231) realizes the Tamari lattice
of order n — 1.




@ 231-avoiding permutation: a permutation without
subwords standardizing to 231 ~ G,(231)

Lemma (D. Knuth, 1968)
For n > 0, the cardinality of &,(231) is 1+ (°").

1
n+l\n




@ 231-avoiding permutation: a permutation without
subwords standardizing to 231 ~ G,(231)

Lemma (D. Knuth, 1968)
For n > 0, the cardinality of &,(231) is 1+ (°").

1
n+l\n

1,2,5,14,42,132,429,1430,4862, . .. (A000108 in OEIS)



@ 231-avoiding permutation: a permutation without
subwords standardizing to 231 ~ G,(231)

Theorem (A. Urquhart, 1978)

For n > 0, the Tamari lattice Tam(n) is semidistributive.




@ w=ww, - w, €&,(231)
@ nc(w) is the noncrossing partition whose bumps are the
descents of w



@ w=ww, - w, €&,(231)
@ nc(w) is the noncrossing partition whose bumps are the
descents of w

Proposition (P. Biane, 1997)

Forn > 0, the map nc: &,(231) — Nonc(n) is a bijection.




@ w=ww, - w, €&,(231)
@ nc(w) is the noncrossing partition whose bumps are the
descents of w

Theorem (N. Reading, 2011)

For n > 0, the map nc extends to an isomorphism from
CLO(Tam(n)) to Nonc(n).




@ w=ww, - w, €&,(231)
@ nc(w) is the noncrossing partition whose bumps are the
descents of w

RN
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Observation

The cell complex CP(Tam(n)) is combinatorially isomorphic to
Asso(n).




flx) =
14 + 21x + 9x2
2+ x°




Proposition (C. Lee, 1989)

Forn > 0and 0 < i < n, we have

fi= 1 n\ (2n+2 —i
n+1—i\i n—i )




Corollary

For n > 0, we have




o L .. (finite) lattice



o L .. (finite) lattice

@ edge: (4,b) suchthata <bandnoa<c<b ~ &(L)

@ perspective: (a,b) A (¢,d) such that b A c = a and
bVc=d(ordNa=canddVa=D)



o L .. (finite) lattice

@ edge: (4,b) suchthata <bandnoa<c<b ~ &(L)

@ perspective: (a,b) A (¢,d) such that b A c = a and
bVc=d(ordNa=canddVa=D)



o L .. (finite) lattice
@ edge: (4,b) suchthata <bandnoa<c<b ~ &(L)

@ perspective: (a,b) A (¢,d) such that b A c = a and
bVc=d(ordNa=canddVa=D)

perspective



o L .. (finite) lattice
@ edge: (4,b) suchthata <bandnoa<c<b ~ &(L)

@ perspective: (a,b) A (¢,d) such that b A c = a and
bVc=d(ordNa=canddVa=D)

not perspective



o L .. (finite) lattice
@ edge: (4,b) suchthata <bandnoa<c<b ~ &(L)

@ perspective: (a,b) A (¢,d) such that b A c = a and
bVc=d(ordNa=canddVa=D)

not perspective



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b} ~» J(L)



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

< join irreducible



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

< not join irreducible



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

< not join irreducible



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])

2/\1
N
N

N



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])



o L .. (finite) lattice
@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)

@ edge determined: for all (a,b) € £(L) exists a unique
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Proposition

Every semidistributive lattice is edge determined.
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@ join irreducible: j = aV bimpliesj € {a,b}  ~ J(L)
~~ there exists a unique edge (j.,j)
@ edge determined: for all (a,b) € £(L) exists a unique
j € J(L) such that (a,b) A (j«,])
@ perspectivity labeling: A: £(L) — J (L), (a,b) — j
such that (a,b) A (j«,j)



o L .. (finite) lattice
o if L is semidistributive, then

A(a,b) = min{c | aV ¢ = b}



o L .. (finite) lattice
o if L is semidistributive, then

A(a,b) = min{c | aV ¢ = b}

Proposition (E. Barnard, 2019)

If L is semidistributive, then

Can(a) = {A(a’,a) | (d,0) € 5(L)}.




o L .. (finite) lattice
o if L is semidistributive, then

A(a,b) = min{c | aV ¢ = b}

Proposition (E. Barnard, 2019)

If L is semidistributive, then

Can(a) = {A(a’,a) | (d,0) € 5(L)}.




	Some Polytopes
	The Hochschild Lattice
	Shuffle Lattices
	The fh-Correspondence
	The FHM-Correspondence
	Appendix

